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Deutsch formulated in 1985 a new computer based on the quantum mechanics. In
quantum computers, the ones and zeros of classical digital computers are replaced by
the quantum state of a two-level system which is named qubit. Computation, i.e., a
sequence of unitary transformations, simultaneously affects each element of the
superposition, generating a massive parallel data processing, albeit within one piece
of quantum hardware.

Practical of quantum computer, requires preventing decoherence (uncontrolled
interaction of a quantum system with its surrounding environment) in order to
maintain the superposition. In 1998, Kane proposed the scheme of implementing a
quantum computer on an array of nuclear spins lacated on donors in silicon. Because
nuclear spins are extremely well isolated from environment, operations on nuclear-
spin qubits could have low error rates. Quantum logic gate is performed by
transitions between the different energy levels of the electron-nuclear spin states,
which is induced by a radio-frequency magnetic field B applied at a frequency
resonant with the energy level difference.

In this study, we numerically simulated the quantum logic gate of Kane’s quantum
computer, In by neglecting, the complications generated from the band structure in Si.
For the calculation of the time evolution of the quantum logic gate, we obtain the
transition probabirity between the energy levels of electron-nuclear spin states under
the influence of a time-dependent perturbation V(r,7).
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Abstract

Deutsch formulated in 1985 a new computer based on quantum me-
chanics. In quantum computers, the ones and zeros of classical digital
computers are replaced by the quantum state of a two-level system
which is named qubit. Computation, i.e., a sequence of unitary trans-
formations, simultaneously affects each element of the superposition,
generating a massive parallel data processing, albeit within one piece
of quantum hardware.

Practical quantum computer requires preventing decoherence (un-
controlled interaction of a quantum system with its surrounding envi-
ronment) in order to maintain the superposition. In 1998, Kane pro-
posed the scheme of implementing a quantum computer on an array
of nuclear spins located on donors in silicon. Because nuclear spins are
extremely well isolated from environment, operations on nuclear-spin
qubits could have low error rates. Quantum logic gate is performed by
transitions between the different energy levels of the electron-nuclear
spin states, which is induced by a radio-frequency magnetic field B
applied at a frequency resonant with the energy-level difference.

In this study, we numerically simulated the quantum logic gate of
Kane’s quantum computer, by neglecting the complications generated
from the band structure in Si. For the calculation of the time evolu-
tion of the quantum logic gate, we compute the transition probability
between the energy levels of electron-nuclear spin states under the
influence of a time-dependent perturbation.
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1 Introduction

The concepts of information and computation can be properly formulated
only in the context of a physical theory—information is stored, transmit-
ted, and processed always by physical means. When quantum effects become
important, at the level of single atoms and photons, existing, purely ab-
stract classical theory of computation becomes fundamentally inadequate.
Entirely new modes of computation and information processing become pos-
sible. Phenomena such as quantum interference and quantum entanglement
can be exploited for computations.

The idea of a quantum computer has been developed theoretically over
several decades to elucidate fundamental questions concerning the capabil-
ities and limitations of mechanics in which information is treated quantum
mechanically. Specifically, in quantum computers the ones and zeros of classi-
cal digital computers are replaced by the quantum state of a two-level system,
namely a qubit. Computation, i.e., a sequence of unitary transformations si-
multaneously affects each element of the superposition, generating a massive
parallel data processing, albeit within one piece of quantum hardware. Con-
sequently, quantum computers can efficiently solve some problems that are
believed to be intractable on any classical computer.

Quantum computation can, in principle, only occur in system that are
almost completely isolated from their environment and which consequently
must dissipate no energy during the process of computation, conditions that
are extraordinarily difficult to fulfill in practice. Interest in quantum compu-
tation has increased dramatically in the past years because of two important
insights: first, quantum algorithms (most notably for prime factorization[1]
and for exhaustive search[2]) have been developed that outperform the best
known algorithms doing the same tasks on the classical computer. These
algorithms require that the internal state of the quantum computer be con-
trolled with extraordinary precision, so that the coherent quantum state upon
which the quantum algorithms rely is not destroyed. Because completely pre-
venting decoherence (uncontrolled interaction of a quantum system with its
surrounding environment) is impossible, the existence of quantum algorithms
does not prove that they can ever be implemented in a real machine. The
second critical insight has been the discovery of quantum error-correcting
codes[3, 4] that enable quantum computers to operate despite some degree
of decoherence and which may make quantum computers experimentally re-
alizable.



The variety of physical system is proposed. The state of spin 1/2 particles
that are two-level systems can potentially be used for quantum computation.
Nuclear spins have been incorporated into several quantum computer pro-
posals, because they are extremely well isolated from environment and so
operations on nuclear-spin qubits could have low error rates. The primary
challenge using nuclear spins in quantum computers lies in measuring the
spins. The bulk spin resonance approach to quantum computation circum-
vents the single-spin detection problem essentially by performing quantum
calculation in parallel in a large number of molecules and determining the
result from macroscopic magnetization measurements. The measurable sig-
nal decreases with the number of qubits, however, and scaling this approach
above about ten qubits will be technically demanding. To attain the goal
of large number qubits quantum computer, Kane proposed a scheme for im-
plementing a quantum computer on an array of nuclear spins located on
donors in silicon. Logical operations and measurements can in principle be
performed independently and in parallel on each spin in the array. Here in
order to analyze the principles of Kane’s quantum computer, we simulate
numerically the time evolution of the Hamiltonian with the Kane’s quantum
computer.

In section 2, we describe the quantum computation with a P array in
silicon. The transition probability which describes the time evolution of the
quantum logic gate is explained in section 3. In section 4 we discuss the
implementation of the ‘single spin rotation’ with a P atom in a magnetic
field B,, and the ‘two-qubit controlled rotation’ is discussed in section 5. In
section 6, we described the measurement of individual nuclear-spin states.



2 Quantum computation with a P array in
silicon

In this section, we describe a scheme of implementation of silicon-based quan-
tum computer. The basic requirement and performing of the quantum gate
is described.

2.1 Basic requirements for semiconductor

Recently, Kane proposed[5] a new implementation of a solid-state quantum
computer. Kane’s idea is to use a semiconductor MOS structure on a %8P
spinless substrate into a thin layer of which 3'P stable phosphorus isotopes,
acting as donors, are implanted. An important requirement for a quantum
computer is to isolate the qubits from any degrees of freedom that may
lead to decoherence. If the qubits are spins on a donor in a semiconductor,
nuclear spins in the host are a large reservoir with which the donor spins can
interact. Consequently, the host should contain only nuclei with spin I = 0.
This simple requirement unfortunately eliminates all ITI-V semiconductors as
host candidates, because none of their constituent elements possesses stable
I = 0 isotopes[6]. Group IV semiconductors are composed primarily of I = 0
isotopes and can in principle be purified to contain only I = 0 isotopes.

The only I = 1/2 shallow (Group V) donor in Si is 3'P. At sufficiently
low 31P concentrations at temperature 7' = 1.5K, the electron spin relaxation
time is thousands of seconds and the 3'P nuclear spin relaxation time exceeds
ten hours. It is likely that at millikelvin temperature the phonon-limited 3'P
relaxation time is of the order of 10'® seconds[7], making this system ideal
for quantum computation.

2.2 Gate operation of electron-nuclear spin system of
a donor

The quantum computer proposed by Kane comprises an array of such donors
positioned beneath the surface of a semiconductor host (Fig.1). Quantum
calculation proceeds by the control of three external parameters: (1) A-gates
above the donors control the strength of the hyperfine interactions and hence
the resonance frequency of the nuclear spins beneath them; (2) J-gates be-
tween the donors turn on and off electron-mediated coupling between the
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Figure 1: Two 3'P donors in silicon. The nuclear spins are coupled to the
outer electrons by the hyperfine interactions A, which can be controlled by
the A-gates. The electrons are mutually coupled via an exchange interaction
J, which can be controlled by the J-gate.



nuclear spins; (3) a globally applied magnetic field B, flips nuclear spins at
resonance.
The spin Hamiltonian for the nucleus-electron system in SI:P with mag-

netic field B, is
Hen = upB.oS — gupnB.ol + Ad® - ", (1)

where & denotes the Pauli spin matrices (with eigenvalues £1), up = 9.27 x
10724[J/T] and p,, = 5.05 x 10727[J/T] are respectively the Bohr and nuclear
magneton, g, is the nuclear g-factor (=1.13 for 3'P), and

A= o WO
is the contact hyperfine interaction energy, with |¥(0)|* the probability den-
sity of the electron wave function evaluated at the nucleus[8]. Application of
the field B, leads to evolution of the states as first the electron and then the
nuclear Zeeman energies exceed.

Transitions between the different energy levels are induced by a radio fre-
quency magnetic field B,. applied at a frequency resonant with the energy-
level difference. The spin Hamiltonian for the electron-donor system with an
electric field £ and a magnetic field B, is

Hen = ppB - 7 — gopin B - 6" + A(E)° - ", (2)

where
B = B,% 4 B,(Z coswt + ysinwt),

and A(E) is the contact hyperfine interaction energy affected by the external
electric field F induced by the A-gate. A donor nuclear-spin-electron system
close to an ‘A-gate’ functions as a voltage-controlled oscillator. The preces-
sion frequency of the nuclear spin is controllable externally and spins can be
selectively brought into resonance with B,., allowing arbitrary rotations to
be performed on each nuclear spin.

Quantum computation requires, in addition to single spin rotations, the
SWAP operation of quantum logic, in which the spin quantum numbers of
two qubits are interchanged. The SWAP operation in combination with
the single-spin rotation can be used as the primitive operation of a univer-
sal quantum computer[10]. The Hamiltonian of two coupled donor nucleus-
electron systems is

H — H(B) —|—A1516 . 5:1n —|—A25"2€ . &»Qn 4 J&le A 6,’26’ (3)
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where
H(B) = :uBé ' 6:16 - gn,ung : 51” + ,LLBE : 526 — gn,uné . 5:2n’

contains the magnetic field interaction terms for the spins. The coefficients
Aj and A, are the hyperfine interaction energies of the respective nucleus-
electron system, while J is the exchange energy of the two electrons, which
depends on the overlap of the electron wave functions. Two-qubit operations
are performed by lowering the potential barrier between donor sites with the
J-gate and turning on the exchange coupling between the donors. Electron-
mediated nuclear-spin exchange will then occur between the donor nuclei.

3 'Transition probability

In this section, we describe the calculation of the transition probability. We
represent the time evolution of the quantum logic gates with the transition
probability.

For the calculation of the transition probabilities from one state 1), to an-
other state v,, under the influence of a time-dependent perturbation V(F, t),
we must solve the Schrodinger equation with V(F, t). General predictions
can only be made if the transition is caused by weak influences, i.e. weak
potential V(F, t). The Schrédinger equation with the perturbation is
zhaa—:i) = Hoy + V(7, 1), (4)

where H, is the operator for the total energy of the system without the
perturbation (the index 0 stands for the time independence) and V(7,t) is
the perturbation.

Assume that the stationary part of the normalized wave function satisfies
the equation

Hon(7) = By (7).

Then the time-dependent functions

(7 t) = g(F)e 7 E



are the solution of the unperturbed system. They form a complete set of
functions and the solution of Eq.(4) can be expanded in terms of these func-
tions, i.e.

V(1) = 3 ar(t)(Fe 7 (5)
k
Inserting this into Eq.(4) leads to
) aam Tw.
Zhﬁ = ap(t)Vis ()€™, (6)
k
where . .
Vi (t) = (0 |V () [t0r)  and  wpp, = mTk
By defining
a’l ‘/'1‘1 ‘/'12€iw12t
a=| a |, A(t) = Vg eiw2t Vi 7
we rewrite Eq.(6) as
da  A(t)
dt ~ Cin " (7)

This is the basic coupled differential equation that must be solved in order
to obtain the probability of finding ), as a function of ¢.
The solution of Eq.(7) is given by

() = emdo A1 G

~ SAELAY e%A(%At)e%A(%)&’(O) (8)

By diagonalizing A(t) as

we obtain

oS (22 A

2” - 1 %AQ(QnQ—IAt)

2n —1
At) e z

ait) = U( Ut( At)- -



Sia (3

e
xU(;At) e A2(3A0 UT(gAt)
e%’\l(%)
At ¢ ¢ At
><U(7) e Er2(5h) UT(7) . 9)

The probability of finding 1, is obtained by evaluating |a,,(t)|?.

4 Electron-nuclear spin system of a donor in
a magnetic field

In this section, we discuss the electron-nuclear spin system of a donor. One-
qubit unitary transformation is discussed in this section.

In order to solve Eq.(1), we use the basis set

T, Ith D,

where | ) stands for a ket vector that represents
lelectron spin state, nuclear spin state).

The Hamiltonian (1) can readily be solved exactly with this basis set. The
energy levels for Si:P are shown in Fig.2(a) as a function of B,. (The con-
tact hyperfine interaction A is fixed to Ay = 7.62 x 1072°[J].) For B, = 0,
the energy eigenstates of (1) are also the eigenstates of the spin-exchange
operator. The ground state is the singlet | T|) — | |1), lying 44 below the
threefold-degenerate triplet excited states. The energy difference between
the electron-nucleus spin states is shown in Fig.2(b). As the magnetic field
B, is increased, the singlet makes a transition to the state | |T) (Fig.3). Thus
the transition between the states | | |) and | | 1), i.e., a rotation of the nuclear
spin can be performed with the radio frequency magnetic field B,..

In order to obtain the transition probability between the singlet and the
triplets, we represent the time-dependent perturbation V in the form of the

10



4 x4 matrix

0 . _gn,uBBace_th ,LLBBaLce_W]f 0 .

o _gn/lnBaceMt 0 0 /ILBBaceith

V= % Baceiwt 0 ' 0 ‘ _gn/inBaceiiwt (10)
0 /'LBBaCemn‘/ _gn,unBaceZWt 0

Calculating the matrix elements V,,; with the eigenvectors and inserting
them into Eq.(7), we obtain the transition probability a(t) (Fig.4). The ini-
tial state is | |[T). The transition probabilities to the states | 1T) and | ||)
are nearly zero. In this calculation, we obtained the result that one-qubit
unitary transformation need to be controlled of the order 107%[sec|, when the
magnetic field are fixed to B, = 1[T] and B,. = 0.001[T].

Nuclear spins must be selectively brought into resonance with B,., allow-
ing arbitrary rotations to be performed on each nuclear spins. A donor
nuclear-spin electron system close to an ‘A-gate’ functions as a voltage-
controlled oscillator. The precession frequency of the nuclear spin is con-
trolled by changing the electric field E, and thereby changing the parameter
A(E). The energy level differences determined by the A(FE) are also changed.

We simulate the transition probability for the contact hyperfine interac-
tion energy A(FE) different from Ay = 7.62 x 1072°[J] (Fig.5). In this calcu-
lation, we obtained the result that the transition time depends on A. It is
possible to perform the nuclear-spin rotation selectively.

11
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Figure 2: (a) The spin energy levels of a 3P donor in Si. The spin states of
the energy E1, E2 and E4 is the triplet and E3 is the singlet. (b) the energy
differences of the levels as a function of the applied magnetic field B,.
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Figure 3: The expectation values of the electron and nuclear spin state as a
function of B,.
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Figure 4: The transition probability between the state | |]) (the energy
E4) and the state | |[T) (the energy E3) with the parameter A = Ay =
7.62 x 107%[J]. The energy E1 is of the state | 11) and the energy E2 is of
the state | T]). The transition probabilities to these states are nearly zero.
The magnetic fields are fixed to B, = 1[T] and B,. = 0.001[T]. The frequency
is fixed to wy = £ = 1.81 x 10°(Hz).
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5 Electron-nuclear spin system for two inter-
acting donor atoms

In this section, we discuss two interacting donor atoms. The SWAP operation
is discussed in this section.

Consider two donor atoms separated from each other by distance r. we use
the basis set

[T LTy Lt T
[Tl i) Hrth TUTD
IR D I AR D2 A S DA AR
[TTLD 1L TN 1D,

where | ) stands for a ket vector that represents

lelectron spin state in donor 1, electron spin state in donor 2,

nuclear spin state in donor 1, nuclear spin state in donor 2 ).

The energy levels of the Hamiltonian (3) are shown in Fig.6 as a function of
B.. Tunneling of electrons between the two sites becomes possible, leading
to an exchange interaction between the electron spins and also to an indirect
(or electron-mediated) exchange interaction between the nuclear spins.

The magnitude of the exchange interaction J between the electron spins
on donors as a function of their separation r can be approximated by equa-
tions derived for the case of well-separated H atoms[9],

()~ 045 (L) * exp (_—%) (11)

cap \ap ap

oot

where r is the distance between the donors, € = 11.9¢q (¢ = 8.85 x 107 12[F -
m~']) is the dielectric constant of the semiconductor, and ap = 30[A] is the
semiconductor Bohr radius. This function, with values appropriate for Si is
plotted in Fig.7. For two-electron systems, the exchange interaction lowers
the energy of the electron singlet | T]) — | |T) with respect to the triplets.
In the magnetic field, however, the state | ||) is approximately the elec-
tron ground state for J < pupB. When the two electron spins are in the
state | ||) and are each coupled to the donor nuclear spins by the same

16
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Figure 6: The electron-nuclear spin energy levels for two interacting donor
atoms as a function of the magnetic field B,: (a) 0 < B, < 0.2 ; (b) 0 <
B, <2.0.
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Figure 7: The strength of the electron exchange coupling between the donor
sites, plotted as a function of their separation.

hyperfine interaction energy A, the nuclear spin exchange frequency v; is
approximately[5] given by

1 |
_ 2A2< _ ) 12
s usB—2J  pupB) (12)

where J is the electron-spin exchange energy and 2J < pugB is assumed.

In order to perform the SWAP operation, we accomplish swapping the
nuclear spin state between the state | |[T]) and the state | [[|T) in the
following three-step processes:

(i) The positive voltage applied to the J-gate turns on the exchange in-
teraction J between two donor nucleus-electron spin systems. As the
exchange interaction J is increased (J < pupB), the nuclear-electron
spins make transitions to the state

LT — L,
LT — TLDA T + 1),
LD — LD TH = 11),
R A A OK

18
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Figure 8: The electron-nuclear spin energy levels for two interacting donor
atoms as a function of J. In the ground state, the electrons are in the state
| 11). The magnetic field is fixed to B, = 1[T7].

(ii)) We make a transition between the state | [[)(] T1) + | |T)) and the
state | [1)(] T1) — | L1)) with the magnetic field Bye;

(iii) We turn off the positive voltage applied to the J-gate.

We must determine the appropriate value of J to split the states | [[)(] T
Y4+ L1)) and | L1)(] T1) — | LT)). The energy-level splitting is shown in
Fig.9 when B, is 1[T] and two electron spin states is in the state | |]).
Transition probability between the state | [[)(| T]) + | [7)) and the state
| LD Ty =1 1)) is shown in Fig.10 for J/Ay = 27. The initial state is
| 11)(TL) = | 11)). The transition probabilities to the state | | [11) and the
state | [[]]) are nearly zero.

Figure 10 shows that the SWAP operation needs to be controlled in the
time scale of the order 107%[sec], when the magnetic field are fixed to B, =
1[T] and B, = 0.001[T].

19
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Figure 10: The transition probability between the state | [[)(| 1)+ [1))
(energy E3) and the state | [[)(| T1) — | 1)) (energy E2). The energy
El is of the state | |||]) and the energy E4 is of the state | |[T1). The
transition probabilities to these states are nearly zero. The frequency is
fixed to wy = ££2 = 1.57 x 10°(Hz). The magnetic field are the same as in
Fig.4
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6 Measurement of nuclear spin state

In this section, we describe the measurement of the nuclear spin states.

The nuclear-spin state is set for J < 2upgB, where nuclear spins are handled
by NMR methods by applying AC pulses of the resonance frequency. Sup-
pose that after quantum computation at J < 2ugB, two electrons, both on
its donor atom, are initially in the triplet state, that is in the | |]) state.
The whole electron-nuclear system is either in the state | [[)(| T.) + | 1))
or in the state | |1)(| 11) = | 11)).

By adiabatically increasing the exchange parameter to J > 2ugB in
a process of the crossing point passage, we lead the electron-nuclear sys-
tem transition from one antisymmetric state | [[)(T]) — | |T)) to another
(1 71) =1 11))] L1) at the same total spin projection and allow transfer the
information from the nuclear to the electron spin subsystem.

In addition, if the bound energy for an electron at one neutral donor (it
is usually small) is more than its energy of attraction to the neighboring ion-
ized donor (DTstate), the electron will be found near the neutral (D~ state
or helium-like atom) and charge transfer from one donor to the other will
occur. This may be reached also by the corresponding change of the A-gate
electric potential. Therefore, a charge transfer from one donor to another
takes place. It is supposed[5] that this process can be detected with highly
sensitive single-electron capacitive techniques.

7 Conclusion

In Section 4, we obtained the transition probability between the state | |])
and the state | | 1) of the order 10~ %[sec| using the perturbation V explained
in Section 3. By appropriately modulating the transition time, we can obtain
the superposition state | ||) + | [T). To perform the nuclear-spin rotation
selectively, we calculated the transition probability with the parameter A
varied. We showed that the transition time depends on A. In Section 5, the
full energy spectrum of the electron-nuclear spin system of two interacting
donor atoms was calculated. To perform the transition between the state
| LL17) and the state | [ |[T]), we split the energy levels with an appropriate
value of J. Then we observed the transition in the time scale of the order
107 5[sec].
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