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In experiments, quantum objects are inevitably open systems influenced by their
surrounding environment. Contemporary physics has significantly emphasized
the shift from closed to open systems in integrating quantum theory into real-
world applications. However, the introduction of the environment causes
quantum systems to be affected by quantum noise and dissipation, leading to
decoherence. Protecting quantum systems from decoherence is crucial in open
quantum systems. In this thesis, we investigate how resonance and topological
effects can be utilized to suppress decoherence in open quantum systems. We
focus on tackling two key challenges in advancing quantum information
processing: protecting continuous-variable entanglement and reducing energy
loss in photon transmission.

With the aid of quantum resources, quantum systems often investigate
potential advantages in information processing compared to their classical
counterparts. Entanglement is a crucial resource in quantum information
processing. Unfortunately, it is fragile due to decoherence. First, motivated by
entanglement protection, we propose a resonant filtering mechanism to protect
optomechanical entanglement. We demonstrate that our filtering model enhances



the robustness of the stationary maximum optomechanical entanglement to
thermal fluctuation noise and mechanical damping.

On the other hand, long-distance transmission of photons is essential for
building large-scale quantum networks. However, photons typically disperse
throughout the photonic waveguide and are depleted due to environment-induced
decoherence. Second, inspired by the development of topological waveguides, we
demonstrate how to utilize topological waveguides to achieve near-perfect photon
transfer in the topologically nontrivial phase. We also find that when two-level
systems are coupled at the same sublattice within a unit cell, the ergotropy
becomes immune to dissipation at that location, facilitated by a dark state and a
topologically robust dressed bound state. The results of this Thesis are highly
relevant to the development of state-of-the-art miniaturized devices and serve as
fundamental paradigms for further studies on decoherence suppression in open
quantum systems.

In Chapter 2, motivated by the imperative need for optomechanical
entanglement protection in open quantum systems, our study delves into using
resonance effects to protect thermal entanglement between photon and phonon.
The essential innovation lies in our proposed filtering model, designed to
selectively filter significant detuning components between a thermal-mechanical
mode and its surrounding heat baths, thereby resilience against decoherence.

Our study emphasizes the crucial role of protecting continuous-variable
entanglement by filtering the degrees of freedom associated with significant
detuning elements. We develop a comprehensive nonlinear Langevin equation for
the filtering model. Through numerical analysis, we demonstrate that the
resonance effect effectively doubles the robustness of stationary maximum
optomechanical entanglement to thermal fluctuation noise and mechanical
damping with our approach. Moreover, we extend the scope of our results to an
optical cavity array with an oscillating end-mirror, investigating the potential for
long-distance optimal optomechanical entanglement transfer. Our study breaks
new ground in applying the resonance effect to protect optomechanical



entanglement from decoherence, providing valuable insights that advance the
possibilities of large-scale quantum information processing and quantum network
construction.

In Chapter 3, advancements in nanotechnology have driven miniaturization,
leading to the rise of quantum devices where quantum effects become prominent.
As a novel energy storage device at the atomic scale, the concept of quantum
batteries was formally introduced by Alicki and Fannes in 2013. Quantum
batteries exploit unique quantum properties, such as entanglement and coherence,
for energy storage and release, potentially outperforming classical counterparts
by optimizing the charging and discharging processes. Fundamentally distinct
from traditional chemical batteries, quantum batteries are renewable, eco-friendly,
and have a longer lifespan, offering a promising solution to the global energy and
environmental crisis. From an engineering perspective, quantum batteries provide
a practical platform to incorporate quantum effects into thermodynamics,
sparking a significant interest in theoretical and experimental research over the
past decade, with enthusiasm continuing to grow. In particular, a minimal yet
widely favored quantum battery model based on a two-level system has been
extensively studied.

Recently, the setup of coupling emitters (two-level systems) with a specific
waveguide, such as a rectangular hollow metal waveguide, for efficient remote
charging has gained significant attention. However, conventional photonic
waveguide transport inevitably causes photon dispersion throughout the
waveguide, leading to low energy storage and diminished ergotropy in quantum
batteries. Motivated by this, a related challenge is whether a structured reservoir
exists that can effectively enhance the stored energy and the ergotropy of quantum
batteries. Additionally, a significant obstacle to implementing quantum batteries
in practical applications is environmental-induced decoherence caused by
dissipation, noise, and disorder, which typically degrades quantum battery
performance. This raises a natural question: whether a configuration exists that
makes quantum batteries more robust against decoherence. Our study provides a



comprehensive solution to substantially address these critical issues, paving the
way for the practical application of quantum batteries.

Inspired by the advantages of topological baths and building on recent
experimental advancements, we propose a minimal topological quantum battery
to optimize the thermodynamic performance of quantum batteries
comprehensively. We develop a general framework for analyzing the atomic
dynamics of two-level systems coupled to a topological photonic waveguide.
First, we demonstrate that in the long-time limit, only bound states significantly
contribute to the stored energy of quantum batteries. We point out that topological
properties determine the charging process, and near-perfect energy transfer can
occur in the topologically nontrivial phase. Moreover, the maximum stored
energy exhibits singular behavior at the phase boundaries, where the number of
bound states undergoes a transition. Second, we observe that when a quantum
battery and a quantum charger are placed within the same sublattice of a unit cell,
the performance of the quantum battery, for instance, ergotropy becomes immune
to dissipation and against disorder at that location, even with an extremely weak
coupling between the quantum battery and the quantum charger, facilitated by a
dark state and a topologically robust dressed bound state. Third, we show that as
dissipation intensifies along with the emergence of the quantum Zeno effect, the
charging power of quantum batteries experiences a temporary boost. Our findings
offer valuable guidance and insight for improving quantum battery performance
through structured reservoirs, facilitating the development of remote-charging
and dissipation-immune engineering for quantum batteries.

Finally, we provide a summary and outlook in Chapter 4. Overall,
controlling and suppressing decoherence in open quantum systems is
fundamental to unlocking the potential of quantum technologies. While exploring
the theoretical mechanisms of decoherence suppression may have a limited
immediate impact on society and industry, the long-term implications are
significant. Continued research and development in this area will pave the way
for more reliable and efficient quantum devices, bringing us closer to realizing
the transformative benefits of quantum computing, communication, and sensing.
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Abstract

In experiments, quantum objects are inevitably open systems influenced by their surround-
ing environment. Contemporary physics has significantly emphasized the shift from closed to
open systems in integrating quantum theory into real-world applications. However, the intro-
duction of the environment causes quantum systems to be affected by quantum noise and dissi-
pation, leading to decoherence. Protecting quantum systems away from decoherence is crucial
in open quantum systems. In this Thesis, we investigate how resonance and topological effects
can be utilized to suppress decoherence in open quantum systems. We focus on tackling two
key challenges in advancing quantum information processing: protecting continuous-variable

entanglement and reducing energy-loss in photon transmission.

With the aid of quantum resources, quantum systems often investigate potential advantages
in information processing compared to their classical counterparts. Entanglement is a crucial
resource in quantum information processing. Unfortunately, it is fragile due to decoherence.
First, motivated by entanglement protection, we propose a resonant filtering mechanism to
protect optomechanical entanglement. We demonstrate that our filtering model enhances the
robustness of the stationary maximum optomechanical entanglement to thermal fluctuation
noise and mechanical damping. On the other hand, long-distance transmission of photons
is essential for building large-scale quantum networks. However, photons typically disperse
throughout the photonic waveguide and are depleted due to environment-induced decoherence.
Second, inspired by the development of topological waveguides, we demonstrate how to utilize
topological waveguides to achieve near-perfect photon transfer in the topologically nontrivial
phase. We also find that when two-level systems are coupled at the same sublattice within a unit
cell, the ergotropy becomes immune to dissipation at that location, facilitated by a dark state
and a topologically robust dressed bound state. The results of this Thesis are highly relevant to
the development of state-of-the-art miniaturized devices and serve as fundamental paradigms

for further studies on decoherence suppression in open quantum systems.
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Chapter 1

Overview

A significant trend in contemporary physics is expanding quantum theory from closed to
open systems for advanced quantum technology. A quantum system influenced by external
factors is considered open. The external influences are often called an environment or a bath.
Open quantum systems are microscopic quantum systems that interact with macroscopic ma-
terials. In experiments, macroscopic measurement probes interact with experimental objects,
leading to quantum systems being unavoidably open. An open system may undergo phase loss,
energy, and particle exchange with the surroundings; thus, being open drastically impacts its
dynamics [1]. Quantum coherence is a fundamental characteristic of quantum mechanics that
accounts for the distinction between the classical and quantum worlds [2, 3]. If a quantum
system is perfectly isolated, it will maintain coherence indefinitely. However, manipulating or
investigating it would be impossible. For open quantum systems, introducing quantum noise
and dissipation leads to environment-induced decoherence, thereby causing the system to lose
its quantum nature [4]. Since quantum sources are fragile, even slight external influences can
cause them to undergo inevitable decoherence. The theory of decoherence suppression in open
quantum systems plays a crucial role in understanding fundamental quantum theory and ad-

vancing practical quantum applications [5].

This thesis is devoted to unveiling new mechanisms and establishing innovative frame-
works for suppressing decoherence in open quantum systems. We explore how resonance and
topological effects can be employed to mitigate decoherence in open quantum systems. We

focus on two specific scenarios to protect optomechanical entanglement and enhance quantum



battery performance by utilizing resonant filtering and topological waveguides, respectively.

The finding and structure of this thesis is outlined as follows.

In Chapter 2, motivated by entanglement protection, we leverage a resonance effect to
enhance optomechanical entanglement in the coherent-state representation. We propose a fil-
tering model to filter out the significant detuning components between a thermal-mechanical
mode and its surrounding heat baths in the weak coupling limit. We reveal that protecting
continuous-variable entanglement involves the elimination of degrees of freedom associated
with significant detuning components, thereby resisting decoherence. We construct a nonlin-
ear Langevin equation of the filtering model and numerically show that the filtering model
doubles the robustness of the stationary maximum optomechanical entanglement to the ther-
mal fluctuation noise and mechanical damping. Furthermore, we generalize these results to
an optical cavity array with one oscillating end-mirror to investigate the long-distance optimal
optomechanical entanglement transfer. Our study breaks new ground by applying the reso-
nance effect to protect quantum systems from decoherence and advance the possibilities of

large-scale quantum information processing and quantum network construction.

In Chapter 3, We propose an innovative design for topological quantum batteries that in-
volves coupling two atoms to a one-dimensional lattice with topological features. First, we
demonstrate that only coherent bound states significantly contribute to the stored energy of
quantum batteries. We observe near-perfect energy transfer from the quantum charger to the
quantum battery in the topologically nontrivial phase. Conversely, in the topologically triv-
ial phase, we reveal that under the Markov limit, the charging process of the quantum battery
is almost completely prohibited due to the emergence of degenerate zero-energy bound states.
Moreover, we discover that the maximum energy storage exhibits singular behavior at the phase
boundaries. Second, we find that direct coupling between the quantum battery and quantum
charger renders the ergotropy immune to sublattice dissipation, facilitated by the presence of a
dark state and a vacancy-like dressed bound state. Further, we show that as dissipation inten-
sifies along with the emergence of the quantum Zeno effect, the charging power of quantum
batteries is transiently enhanced. Our findings provide insightful guidelines for practically

improving the performance of quantum batteries through structured reservoir engineering.

In Chapter 4, I summarize the thesis and discuss possible advancements in future studies.



In the remainder of this chapter, to analyze the dynamic behavior of open quantum systems,
I introduce two powerful techniques central to my thesis for studying dissipative dynamics and
spectral properties of interest. By prioritizing a simple setup, I establish a solid foundation in
core derivation before progressing to more intricate applications and consequences in subse-

quent Chapter 2 and Chapter 3.

e Heisenberg-Langevin equation: The quantum master equation is a crucial tool for study-
ing the non-equilibrium dynamics of open quantum systems. To describe the dissipative dy-
namics of open quantum systems, Gorini, Kossakowski, Sudarshan, and Lindblad proposed
the GKSL master equation in 1976, which characterizes the evolution of quantum states [6, 7].
The Heisenberg-Langevin equation, which describes stochastic motion, is derived from the
perspective of operator evolution by combining the Heisenberg equation and the Langevin
equation [8—12]. The Heisenberg-Langevin equations offer exact solutions for the system and
bath parameters, enabling direct calculation of correlation functions at different times and all
temperatures in terms of the spectral density of the bath. For example, an Ohmic bath with a

Drude spectral density enables an exact analytical solution [13].

To lay the technical groundwork for Chapter 2, my goal here is to provide a detailed deriva-
tion of the Heisenberg-Langevin equations. Here, I consider a paradigmatic model of open
quantum systems called quantum Brownian motion [14]. In this model, the system is consid-
ered a harmonic oscillator with linear coupling to a large number of harmonic oscillators that
form a bath with a continuous density of states. The spectral density determines the proper-
ties of the bath. This simple model has significantly advanced our understanding of how an
environmental bath affects the decoherence and dissipation of quantum mechanical degrees of
freedom. It sheds light on fundamental decoherence issues and plays a crucial experimental
role in designing nanomechanical resonators that operate at the quantum limit [15, 16]. After

applying the rotating wave approximation, the total Hamiltonian of the system reads

Huw = Hegs + Hyap + Hine = woa'a + 3 i TI0; + 7 (w5a/Ty + wjall), (1)

J J
where af (a) and F} (I';) are the creation (annihilation) operators of the system and the jth mode
of the reservoir, respectively, with (2 = 1) here and hereafter. The characteristic frequency of

the system is wy, while the reservoir consists of many harmonic oscillators with closely spaced



frequencies w;. The coupling strength between the jth mode of the reservoir and the system

is represented by the complex parameter «;.

The Heisenberg equations of motion for the system operator a and its corresponding reser-

voir operators I'; are given by

da

dr’;
dt t

= —iwpa — 1 Z kL, d—] = —iw,;['; — iKja. (1.2)
J
I am interested in a closed equation for the system operator a. The reservoir operator I'; can

be formally integrated to yield

t
T (t) =T (tg) e "=ilt=to) ik} / dra (1) e”™it=7), (1.3)

to

Here, the first term describes the free evolution of the reservoir modes, while the second term
arises from their interaction with the system. I eliminate the reservoir operators I'; by substi-

tuting Eq. (1.2) into Eq. (1.3), obtaining

d 4 ' -
d_CtL = —lwpa — 2; /-@jl“j (to) et (t—to) _ ; ’I‘fj|2 /to dra (7_) e @i (t=7) (1.4)

I observe that the evolution of the system operator depends on the fluctuations from the reser-
voir, as described in Eq. (1.4). Next, | make some approximations. Following the Weisskopf-
Wigner approximation [17], I assume that the spectrum is defined by the normal modes of a
large scale, with these modes being very close in frequency. I then approximate this spectrum

as a continuous one. Consequently, the summation in Eq. (1.4) can be rewritten as

t —+o00
Z—z = —iwpa + F (t) — / / 2 (W)D (W) a (1) e dwdr, (1.5)
to 4O

where D (w) is the mode density of the reservoir, and the Langevin noise operator is

+0o0
F(t) = —2'/0 ki (w)D (W) T (w, t) e~ E0)dyy. (1.6)

Under the Born-Markov approximation [18], I assume for simplicity that % (w) D (w) =



~/2m > 0 is constant, so that Eq. (1.5) is reduced to a first-order differential equation

da . 7y t 400 (i)
— = —iwpa + F (t) — —— a(r)e Y dwdr. (1.7)
dt 27 Jyo Jo

Using the relation f0+°° dwe™(=7) = 7§ (t — 7), I derive the Heisenberg-Langevin equation,

which satisfies the fluctuation-dissipation theorem, as follows

da

E:_@wﬁg)ﬁf@. (1.8)

Here, the noise operators in (F (t) F' (¢')) = v(n+1)5(t —t')/2, also (FT (t) F (') =
ynd (t —t') /2 satisty the correlation function form of Markovian white noise, where 7 repre-
sents the average number of bosons in the reservoirs, and v denotes the decay rate that depends
on the coupling strength ~;. Note that white noise implies frequency resonance between the
environment and the system. Moreover, the Markov approximation generally applies when
there is weak coupling between the system and the environment. When the system and the en-
vironment are strongly coupled, the spectral density typically shows a generalized Lorentzian

type, which indicates non-Markovian behavior [1, 19, 20].

e Resolvent formalism: The concept of resolvent formalism is vital for analyzing the spec-
trum of operators on Banach and other general spaces. This method is well-supported within
the context of holomorphic functional calculus. Ivar Fredholm was the first to use the re-
solvent operator as a series, notably the Liouville-Neumann series, in his influential 1903
work [21]. Today, this approach is widely used in the spectral analysis of open quantum
systems, encompassing fields such as quantum chemistry and quantum thermodynamics [22].
Here, we present a paradigmatic model of a quantum battery to lay the groundwork for Chap-
ter 3, offering the exact dynamical expression for two-level systems coupled with a structured
bosonic bath. The Hamiltonian of the system under the rotating-wave approximation reads

H, tot — H. sys + H, bath H; int» where

Hyys = % (JE + US) + Q?f(aﬁag + UJCFJIE), Hy = g(aliollya + anLw +H.c), (1.9)

and Q?Qﬁ = (04, 2,0a,8 With Q@ € R. Here, Hgy represents the Hamiltonian of the quantum

battery and the quantum charger, while Hy,q, is the Hamiltonian of the structured bosonic bath.



The interaction Hamiltonian between the system and the bath is represented by Hj,, where
o® (0%) and 0B (o) represent the raising and lowering Pauli operators of quantum battery
(quantum charger), respectively, while O and O;ij,a denote the annihilation and creation op-
erators at the position z; , of bath, respectively. I assume that the spectrum of Hy, possesses
an energy-band structure. The second subscript o € {A, B} of o, , is used to emphasize

different sublattices, i.e., 0., , = a; and 0., , = b;.

To analytically solve the dynamics of the two-level system, I assume that the bath is in the
thermodynamic limit in the following derivations. Consequently, the time-evolution operator

of the system can be obtained by the inverse Fourier transform of the Green’s function

. 1 1
U(t) = 7sztt /Go 71ztd -
*) i ot ® 2w Jo 2z — Htote

where the integration path C lies just above the real axis in the complex plane, extending in-

. (1.10)

finitely from right to left. In the single-excitation subspace, in order to explore the dynamics of
quantum battery, I need to project the evolution operator U () onto the subspace of the system

involving quantum battery and quantum charger. Thus, I define

P = (le, g¥e, gl + |g, eXg. e]) @ [vac)(vac|, Q = [g,g)g. 9| ® > ol , [vac)vac|o;,, (1.11)
J,a

which satisfy P + ) = [, where [; is the identity operator in the single-excitation subspace.

For the sake of simplicity, we define |e1) = |e, g) and |e5) = |g, €). As a result, the evolution

operator projected onto the subspace of the system can be written as

1

PU (t) P = —
®) 2w Je

PG (2)Pe"*'dz, (1.12)

where

P
PG (2) P = . 1.13
WP = e PP (o) P (1.13)

Since PHiy P = QHin@ = QHgy@ = 0, the term PY (2) P in Eq. (1.13) reads

———— HinP = PHintGram (2) Hin P (1-14)



with Ghat (2) = Q(2 — Hyan) Q. In the basis {|e1; vac) , |e2; vac)}, Eq. (1.13) can be written

in a matrix form as

-1

Gll (Z) G12 (Z) _ Z— We — 211 (Z) —Q?QB — 212 (Z) (1 15)
Goi (2) G (2) QP S (2) 2z —we— e (2) |

where Gy, (2) = (e; vac| PGyt (2) P len, ; vac), and X, (2) = (e; vac| PX (2) P |e,; vac)
refers to the self-energy of the two-level systems. According to Eq. (1.14), by inserting Hjy

into ¥,,,,, (2), I have

D7 (2) = Yu(z) = g* (vaco,, (2 = Hyan) 0], [vac) = g°G(71,0, 710 2),
2% (2) = Eia(2) = & (vaclo,, (2 — Hun) ™ mw\va@ = g'G(210, 72,55 2),
o1 (2) = Zau(2) = ¢ (vaclo,, , (= — Hean) "0}, [Vac) = g°Glaa,5, 0105 2),
Xy (2) = ma(2) = g* (vaclo,, , (2 — Hoan) o, 5lvaC> =g’ G(r25,7252),  (1.16)

where G represents the single-particle Green’s function of the bath. As a result, according to

Eq. (1.15), the projected evolution operator in Eq. (1.12) is given by PU (t) P:

T

/ —izt | |e;; vac) 2 — We — Zgg(z) fo + ng‘(z) (e1; vac| (1L17)
2mi @ ]eg; vac) Q?Qﬂ + 2?2’3(2) z—w, — X¢(2)| | (e2; vac| 7 ‘

where
D(2) = [z — we — D (2)][z — we — £55(2)] — [QF + £ (2)][Q57 + o7 (2)].  (1.18)

Now let us assume that the total system is prepared in the initial state, [¢) (0)) = |e;; vac),
i.e., the quantum charger is in the excited state, the quantum battery is in the ground state, and
the environment is in the vacuum state. According to Eq. (1.17), the probability amplitude for
the quantum battery to be excited at ¢ time is given by

1 IR okl

cg(t) = (eq; vac|PU(t)P |ey; vac) = 37 76 12 o=y, (1.19)
c

The reduced density matrix of the quantum battery is pp(t) = Trehargersbatn (| (t) )XW (1)]] =

[en(t)]” leXel + [1 — lea(t)]*] lg)gl-



Chapter 2

Resonance-dominant optomechanical

entanglement in open quantum systems

2.1 Introduction

Entanglement is an essential feature of quantum systems and one of the most striking phe-
nomena of quantum theory [23], allowing for inseparable quantum correlations shared by dis-
tant parties [24]. Entanglement is crucial in quantum information processing and network
building [25-27]. Studying entanglement properties from the perspectives of discrete and
continuous variables is significant for further understanding the quantum-classical correspon-
dence [28,29]. So far, the bipartite entanglement for a microscopic system of discrete variables
with a few degrees of freedom has been studied in detail [30]. A primary example of this is
a two-qubit system. To quantify entanglement, the concurrence [31], the negativity [32], and

the von Neumann entropy [33] are frequently used in previous studies.

Nevertheless, exploring bipartite entanglement in a macroscopic system of continuous vari-
ables with a large number of degrees of freedom has remained elusive [34-37]. Unfortunately,
entanglement is fragile due to decoherence from inevitable dissipative couplings between an
entangled system and its surrounding environment. Therefore, generating, measuring, and
protecting entanglement in open quantum systems have raised widespread interest in various

branches of physics and have been expected to be demonstrated to date [38].



Cavity optomechanical systems are based on couplings due to radiation pressure between
electromagnetic and mechanical degrees of freedom [39]. They provide a desirable meso-
scopic platform for studying continuous-variable entanglement between optical cavity fields
and macroscopic mechanical oscillators with vast degrees of freedom in open quantum sys-
tems [40,41]. Thanks to the rapidly developing field of microfabrication, quantum effects are
becoming more significant as the size of the device shrinks [42,43]. Remarkable progress has
been made in generating entanglement by manipulating macroscopic nanomechanical oscil-
lators with high precision [44,45]. Some landmark contributions have been achieved for an
optomechanical entanglement measure [46,47], such as using logarithmic negativity to calcu-

late an upper bound of distillable optomechanical entanglement [48].

Protecting the maximum optomechanical entanglement in open quantum systems has re-
cently become a research focus. Many schemes have been proposed, such as protecting entan-
glement via synthetic magnetism in loop-coupled cavity optomechanical systems from thermal
noise and the dark mode [49], realizing phase-controlled asymmetric entanglement in cavity
optomechanical systems of the whispering-gallery mode [50], achieving and preserving the
optimal quality of nonreciprocal optomechanical entanglement via the Sagnac effect in a spin-
ning cavity optomechanical systems evanescently coupled with a tapered fiber [51,52], as well

as via general dark-mode control to accomplish thermal-noise-resistant entanglement [53].

However, the auxiliary protection of optomechanical entanglement in these schemes all
work in hybrid cavity optomechanical systems, which inevitably brings about trilateral and
even multilateral entanglement problems [54], such as photon-phonon-atom entanglement [55].
In this sense, it is essential to develop methods of protecting the intrinsic bilateral optomechan-
ical entanglement in hybrid cavity optomechanical systems from potential interference caused
by additional types of degrees of freedom [56]. With this motivation, we aim to protect a

prototypical optomechanical entanglement in cavity optomechanical systems.

Currently, intriguing schemes have been proposed to achieve the frequency resonance of
the system by using laser driving, thereby protecting bilateral mechanical entanglement in dou-
bly resonant cavity optomechanical systems [57, 58] and photon-atom entanglement in the
Rabi model [59]. Inspired by this, we propose to utilize the high-frequency resonance ef-

fect in a Fabry-Pérot cavity to protect the maximal value of optomechanical entanglement.



In the weak-coupling limit, a clear-cut physical mechanism is employed to reduce Brownian
noise and dissipation, which involves filtering out components with significant mismatched
coupling frequencies between a mechanical mode and its thermal reservoir by leveraging the
high-frequency resonance effect. The present theoretical conjecture can be materialized in
an experiment by laser-driving the optical cavity field to resonate with a high-frequency and
high-quality-factor mechanical resonator coupled to a Markovian structured environment. We
can observe resonance-dominant optomechanical entanglement using a homodyne detection

scheme [60,61] or a cavity-assisted measurement scheme [62,63].

To attain our goal, we start by constructing the Hamiltonian of the cavity optomechani-
cal system under the coherent-state representation. We then derive its associated nonlinear
Langevin equations, which are consistent with the results in Ref. [46] but originate from the
coherent-state representation. We finally propose a theory of resonance-dominant optomechan-
ical entanglement in continuous-variable systems. When the mechanical mode and surrounding
heat baths satisfy the conditions of a weak coupling and a high-frequency resonance, we point
out that the filtering model protects the stationary maximum optomechanical entanglement. In
particular, we quantitatively observe that a resonance effect doubles the robustness of the me-
chanical damping and thermal fluctuation noise from the environment and reveals its physical
reason. This result first unveils a hitherto overlooked aspect of applying a resonance effect to
entanglement protection. We further extend these results to an array of optical cavities with one
oscillating end-mirror and investigate the remote optomechanical entanglement, which helps
achieve optimal optomechanical entanglement transmission for quantum information process-

ing.

The remainder of this chapter is organized as follows. In Sec. 2.2, we construct the Hamil-
tonian of the physical system and reproduce the results of nonlinear Langevin equations in
Ref. [46] in the coherent-state representation. In Sec. 2.3, we propose a theory of resonance-
dominant optomechanical entanglement in continuous-variable systems and show the results
for maximum optomechanical entanglement protection. In addition, we present a potential ex-
perimental implementation of this scheme. In Sec. 2.4, we extend these findings to an array of
optical cavities with one oscillating end-mirror, investigating the remote optimal optomechan-
ical entanglement transmission for application purposes. Finally, in Sec. 2.5, we summarize

our findings and discuss the outlook for future research.
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2.2 Dynamics in coherent state representation

2.2.1 Construction of Hamiltonian

d 4

I A
E kLG B 7
| 0 b
Ek O,

>

Figure 2.1: A cavity optomechanical system driven by a monochromatic laser. The optical
and mechanical modes are coupled via radiation pressure while independently coupled to their

respective reservoirs.

We first construct an open-quantum-system description of a cavity optomechanical system
in the coherent-state representation as shown in Fig. 2.1. The Fabry-Pérot cavity, known as
the simplest optical resonator structure, is additionally driven by a monochromatic laser, de-
scribed by the radiation-pressure interaction between an optical cavity field and a vibrating end
mirror, which applies to a wide variety of optomechanical devices, including microwave res-

onators [64], optomechanical crystals [65], and setups with the membrane inside a cavity [66].

Meanwhile, we assume that a cavity optomechanical system is coupled to two reservoirs.
The optical mode is coupled to a reservoir characterized by zero-temperature electromagnetic
modes, while the mechanical mode is coupled to another reservoir consisting of harmonic os-
cillators at thermal equilibrium [17]. In the Heisenberg picture, the system and environment

evolve in time under the influence of the total Hamiltonian, which reads [67]

Hr = Hs + Hp, (2.1)
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where

Hs =+ hiAoa'a + hwyb'b — ﬁ%am (' +b) + if (Ea' — E*a), (2.2)
He — + ﬁzwmrk + thk (r;a + cﬁrk>

+h2wnA A, —mz a) (b7 +0), (2.3)

with a' (a) denoting b' (b) are the creation (annihilation) operators of the optical mode and the
mechanical mode, respectively. Laser detuning from the cavity resonance is Ay = w. — wy,
where w, is the cavity characteristic frequency and w;, the is driving laser frequency. The
characteristic frequency and effective mass of the mechanical oscillator are wy, and m, respec-
tively. The optomechanical coupling coefficient is Gy = (w./L) \/h/mwn, with L being the
cavity length. The complex amplitude of the driving laser is . In addition, F,t (I'x) and
Al (A,) for k € {1,2,3 - +0c0} and n € {1,2,3- -, +00} are, respectively, the creation
(annihilation) operators of the reservoirs for the optical mode and the mechanical mode. The
harmonic-oscillator reservoirs have closely spaced frequencies corresponding to photons and
phonons, denoted by wy, and w,,, respectively. The real numbers g and ¢,, represent the cou-
pling strengths between the subsystem and the nth reservoir mode, respectively. Details of the

derivations of the total Hamiltonian (2.1) are given in Appendix A.1 [8,64].

2.2.2 Nonlinear Langevin equations

A reasonable description of the dynamics in an open quantum system should include pho-
ton losses in the optical cavity field and the Brownian noise acting on the vibrating end mirror.
By substituting the total Hamiltonian (2.1) into the Heisenberg equation and taking into ac-
count the dissipation and noise terms, we obtain a set of closed integrodifferential equations

(see Appendix A.2 for the derivation [8, 17,18, 68]) for the operators of the optical mode and
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mechanical mode as follows:

q = WmpP, (24)
p=—wnq — Ymp + Goa'a + &, (2:5)
@ = — (1 + i) a +iGoaq + E + V2kai, (2.6)

where ¢ = (b' +b) /v/2and p = i (b' — b) /v/2 are the dimensionless position and momentum
operators of the vibrating end mirror. We assume that the decay rate of the optical cavity
is x and set the mechanical damping rate as v, = wy7y. The dissipative terms « and ~y are
proportional to the square of the coupling strength between the subsystem and the reservoir
g and £, respectively. The optical Langevin force a;, represents the field incident to the
cavity and is assumed to be in the vacuum state. Its specific expression and the correlation

function [69] are

n () = = S0l (), (o (a, (@) =00 -1). @)
k

where ¢, represents the initial time. This correlation function is true for optical fields at room

temperature or microwaves at a cryostat.

In contrast, the Brownian noise operator is given by
Zg" twny, (t— —iwny, (t—
) =) 7% [AL (o) € (710) — A, (t) e nt=10)] | (2.8)

The mechanical damping force £ is non-Markovian in general [70], but it can be treated as
Markovian if the following two conditions are met: the thermal bath occupation number satis-
fies 7 > 1; the mechanical quality factor satisfies () = wy,/vm = 1/ > 1. These conditions
are well satisfied in the majority of contemporary experimental setups, which validates the use

of the standard Markovian delta-correlation [68,71]:

E@EW) +E#)E@)
2

~Ym (204 1) 6 (t —t)), (2.9)

where 71 = [exp (fiwn /ksT) — 1] is the mean thermal excitation number with the Boltzmann

constant kg and the end-mirror temperature 7'.
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So far, we have constructed the total Hamiltonian of the optomechanical system under the
coherent-state representation and completely reproduced the results of the nonlinear Langevin
equations in Ref. [46], which provides solid support for the filtering model dominated by the
resonance effect discussed later. We stress that deriving the Langevin equation from the total
Hamiltonian provides a clear picture in explicitly revealing the specific form of the interaction
between the system and the environment and the physical origin of each term in nonlinear
Langevin equations, in comparison to the implicit treatment of such interactions in the Lindblad

master equation.

2.3 Resonance-dominant optomechanical entanglement

2.3.1 Filtering model

In the preceding section, the total Hamiltonian (2.1) describes an original interaction be-
tween an optomechanical system and its surrounding environment. This section proposes a
resonant filtering model in the weak-coupling limit between the system and the heat bath. It
uses a high-frequency resonance between the mechanical mode and its thermal reservoirs to

filter out nonresonant degrees of freedom and achieve quantum coherence protection.

To discuss the frequency relation between the mechanical mode and its thermal reservoirs,
we introduce the frequency transformation b () = b (t) exp (iwnt) and A,, (t) = A,, (t) exp (iwpt)

for b (t) and A, (t) [17] in the interaction picture. After that, the Hamiltonian (2.1) reads

Go + [t -
Hr =+ hA¢a'a + hwyb'b + ik (ECLT — E*a) - ﬁjoicﬁa <bTeWmt + be_’wmt>
+a> I+ 1Y g (rLa + aTFk) +1> wAlA,
k k n
by Tosm ) G
— iy 2 | Afbetenmen)t —plA, e

_ zﬁZ% [Ajjfei(wn*wmﬁ _ B[\ne—i(w”wm)t} . (2.10)

As mentioned above, our physical model describes a Markovian process in the weak-coupling

limit v < 1, which corresponds to Eq. (2.10) satisfying the weak-coupling limit ¢,, < 1 for
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Figure 2.2: Schematic diagram of the filtering model. (a) The coupling between a high-
frequency mechanical oscillator and codirectional thermal reservoirs. The frequency of the
thermal reservoirs sequentially transits from zero to positive infinity in rainbow color order.
(b) The terms of Alb and Z;Tf\n show the high-frequency resonance effect. (c) The terms of
MLI;T and DA, exhibit large detuning effects. The black, gray, and white colors correspond to
the high-frequency resonance, moderately detuned, and highly detuned modes of the heat bath
compared to the frequency of the single-mode mechanical oscillator wy,. The parameters ¢ and

wm can be modulated by coherent laser driving [72, 73].

n € {1,2,3-,+oc} [74]. See Fig. 2.2 for a schematic diagram of the filtering model. We
eliminate the relatively fast-oscillating terms from Eq. (2.10) and then perform the inverse fre-
quency transformation as b (t) = b (t) e™n* and A,, (t) = A,, (t) e~™*. Through this process,

we classify the filtering model reduced from Eq. (2.10) into the following two cases.

The high-frequency resonance region commonly exists in the coupling between the me-
chanical mode and a heat bath composed of positive energy modes denoted as wpw, > 0
and w,, € (0, +00). The high-frequency resonance results in level repulsion between wy, and
wy, [75]. We here propose to filter out the strongly non-resonant contributions /N\LIBT and DA,
mechanically; see Sec. 2.3.4 for possible experimental realizations. Keeping only the reso-
nant terms A1b and b' A,,, the filtering model is Hy = Hy + ihY, €, (ALbF — A,b) /2. The
resonance terms /N\If) and IN)Tan in this region describe the exchange of quanta between the me-

chanical mode and its nth thermal reservoir mode [42].

In contrast, the high-frequency inverse-resonance region occurs in the coupling between the
mechanical mode and an unstable heat bath composed of negative energy modes, denoted as
wmwy, < 0and w,, € (—o0,0). The high-frequency inverse resonance results in level attraction

between wy, and w,,, details can be found in Appendix A.3 [52,76—84]. Keeping only the terms
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of ALZST and bA,,, the inverse-filtering model reads H} = Hy +ihy, 4, (Alb—bTA,) /2. The
inverse-resonance terms ALIN)T and bA,, in this region represent a two-mode squeezing inter-
action between the mechanical mode and its nth thermal reservoir mode, and the parametric
amplification relies on the two-mode squeezing interaction [85]. In the following, we focus
on discussing the high-frequency resonance range since its physical significance is clear and

universal.

2.3.2 The Lyapunov equation for the steady-state correlation matrix

In order to comprehend the impact of resonance effects between a mechanical mode and its
thermal reservoirs on the strength of an optomechanical system, it is crucial to gain insight into
the structure of optomechanical correlation in open quantum systems. For this purpose, we use
the Lyapunov equation to compute the steady-state correlation matrix between subsystems and
obtain the optomechanical entanglement strength [86]. Without loss of generality, we take the
high-frequency resonance regime as an example of deriving the Lyapunov equation in terms

of the steady-state correlation matrix.

By deriving the Heisenberg equation of motion of the resonant Hamiltonian Hg, we obtain
nonlinear Langevin equations that govern the dynamical behavior of the optomechanical sys-
tem in the high-frequency resonance regime. The nonlinear Langevin equations are written as

(see Appendix A.4 for details)

) v. 1,

= Wm n aS 2.11
¢=uwmp+ P+ 58 (2.11)
) v . t 1
P=—wnq — 4+ Godla+ ¢, (2.12)
a=—(k+ilo)a+iGoaq + E + V2kai, (2.13)

where the Brownian noise operator reads
‘, . .
gt)=> 5 [ (to) eI 1 A, (tg) et 0] (2.14)

which has the same delta-correlated form as & (¢) under the weak-coupling limit v < 1. The

nonlinear Langevin equations (2.11)-(2.13) are inherently nonlinear as they contain a product
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of the photon operator and dimensionless position operator of the mechanical phonon, agq, as
well as a quadratic term in photon operators, a'a. Using the standard mean-field method [87]
to solve Egs. (2.11)-(2.13), we start by splitting each Heisenberg operator into the classical
mean values and quantum fluctuation operators, i.e., ¢ = o, + da as in af = o + dat, ¢ =
gs + 0q, and p = ps + Op, thereby linearizing these equations. Adopting the above approach
and inserting these expressions into nonlinear Langevin equations (2.11)-(2.13), we find the
solution of the mean values for the classical steady state given by p; = 0, ¢s = Goofas/wp,
and s = E/(k +iA), where we set normalization of the detuning frequency of the optical

field as A = Ay — G2at a fwn.

The parameter regime for generating optomechanical entanglement is the one with a large
amplitude of the driving laser F, i.e., ag > da and o > dal. By dropping the contribution
from the second-order small terms, as described in Appendix A.5, we obtain the linearized

Langevin equations

56 = wedp — %méq T %g’, (2.15)
1

0p = —wmdq — %5}3 + Gy (Oz:(Sa + aséaT) + 55, (2.16)

0a = — (k +1A) da + iGoasdq + V 2Ka4. (2.17)

By assuming the driving laser amplitude £ = |E|exp (iy), where |E]| is related to the input
laser power P by |E| = \/2Pr/hwy, and ¢ denotes the phase of the laser field coupling to the

optical cavity field, we choose ¢ to satisfy tan (¢) = A/k so that oy may be real.

The quadratures play an essential role in studying entanglement because they are used to
quantify the correlations between different modes. We define the cavity field quadratures 0 X =
(5@ + 5@*) /\/§ and 0Y = i(éaT - 5a) /\/§ as two observables that describe the quantum state

of a cavity field mode, which can be measured using homodyne detection techniques.

Accordingly, we define the orthogonal input noise operators X;, = ((5aiTn + baiy)/v/2 and
Y = i(éafn — daiy)/V/2, and thereby Egs. (2.15)-(2.17) can be written as a matrix form as

i) = Ap(t) +n(t). (2.18)

Here the components of each matrix are as follows: the transposes of the column vector of con-
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tinuous variables fluctuation operators are written as u” () = [0q (t),dp (t),0X (t),8Y (¢)];

the transposes of the column vector of noise operators are denoted by
nT (1) = [0.5¢' (1), 0.5¢ (£) , V2K Xin (£) , V2R Yin (t)] : (2.19)

and the coefficient matrix A in terms of system parameters takes the form

—0.25v Wm 0 0
— W —025vm G 0
A= , (2.20)
0 0 -k A
G 0 —-A —kK

where the effective optomechanical coupling is given by G' = v/2a,G.

The solution of Eq. (2.18) can be expressed as

w(t) =M (t)p(te) + /tt M (T)n (t —7)dr, (2.21)

where M is the matrix exponential M () = exp (At) and we assume the initial time as ¢, = 0.
The system is stable if and only if the real parts of all the eigenvalues of the matrix A are
negative. The eigenvalue equation det|A — Aly| = [(0.257m + \)* + w2][(k 4+ A)* + A?] —
wnG?A = 0, where 1, denotes the four-dimensional identity matrix, can be reduced to the
fourth-order equation CoA\* + C1 A3 + Cu\? + Cs\ + Cy=0. The stability conditions can be
derived by applying the Routh-Hurwitz criterion [88] as follows: Cy > 0, C} > 0, C1Cs —
CoC3 > 0, (C1Cy — CyC3) C3 — C2Cy > 0, Cy > 0, yielding the following two nontrivial
conditions: (w2 +12/16) (A? + k?) — wuG?A > 0 and

+ Ymk {N + A? (% + Ymk + 267 — 2w§1) + % [16w2 + (Ym + 4K)?] 2}

+ mezA(%m n 2/<>2 > 0. (2.22)

The following numerical simulation shows that realistic experimental parameter configurations
always meet these stability conditions. When the system is stable, it reaches a unique steady

state in the long-time limit ¢ — 400 independently of the initial condition.
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We set the initial state to a Gaussian one, and the linear dynamics preserve the noise opera-
tors &, &, and ay,. Thus, the correlation properties of the system can be completely characterized
by its two first moments, of which we are interested in the second one, namely the covariance

matrix with elements defined as

Vi = 5 {1 (h00) i (+00) + 1 (+00) i (+00))

+o0 +oo
= Z/ dT/ dr' My, (1) M (1) @py (1 — 77) (2.23)
ko to to

where Oy (7 — 7') = (ng (1) ny (7') + ny (7') ng (7)) /2 is the matrix of the stationary noise
correlation functions. Because the matrix elements are independent of n (¢), we find @ (7 — 7')
= Dy (1 — 7'), where D = Diag [y (2 + 1)/4, 7 (20 + 1) /4, k, K] is a diagonal matrix.
According to Eq. (2.23) and the form of &y, (7 — 7’), we find that the expression of the matrix

V' is equivalent to

V= +oo M (7) DM ()" dr, (2.24)

which leads to a linear Lyapunov equation with respect to V, i.e., AV + VAT = —D. See

Appendix A.6 for a detailed derivation of the Lyapunov equation.

In addition, we can derive a Lyapunov equation satisfied by the high-frequency inverse-
resonance Hamiltonian H} similarly to the form of the high-frequency resonance Hamiltonian
Hg. Moreover, we show that the analysis and results concerning optomechanical entanglement
in the high-frequency inverse-resonance regime are equivalent to those in the high-frequency

resonance regime. Therefore, we do not elaborate on it further here.

2.3.3 Optomechanical entanglement

Cavity optomechanical systems naturally exhibit complex entanglement structures and al-
ways involve mixed states and continuous variable entanglement, which are affected by dissi-
pation and noise. In this sense, the logarithmic negativity is a powerful tool that can provide
valuable insights into the nature of optomechanical entanglement [89], which can be exper-

imentally measured using homodyne detection. Thus, we use the logarithmic negativity Fy
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Figure 2.3: Plot of the logarithmic negativity Ey as a function of the normalized detuning fre-
quency of the optical field | A| (in units of wy, ) for seven values of the mechanical damping rate:
Ym = 0 (blue circular line), v,, = 200mHz (orange solid line), 7, = 4007Hz (yellow square
line), v, = 600mHz (purple dashed line), v, = 800mHz (green triangle line), v, = 10007mHz
(brown dotted line), and 7,, = 20007Hz (red cross line), where (a) and (b) correspond to the
original model Hr and the filtering model Hp, respectively. The length of the black downward-
pointing arrows indicates how sensitive optomechanical entanglement is to ~y,,,. The other pa-
rameters for (a) and (b) are chosen as follows: the optical cavity of length L = 1mm and the
drives laser with wavelength A = 810nm and power P = 50mW. The decay rate of the optical
cavity is chosen to be k = 8.8m x 10°Hz, the optical finesse F' = wc/Lk ~ 3.4 x 10* with
¢ = 3x10®m/s, and the driving laser frequency is resonant with the characteristic frequency of
the cavity field, w;, = w. = 2mc/A. The mechanical oscillator has the characteristic frequency

wm = 20mMHz, the effective mass m = 50ng, and its temperature is 7" = 400mK [46].

to measure optomechanical entanglement between the optical cavity field and the mechani-
cal oscillator. It provides an obvious easy way to compute an upper bound for the distillable

optomechanical entanglement [48].

As mentioned in the continuous-variable scenario, the bipartite optomechanical entangle-

ment can be quantified as [86]

Ex = max [0, — In (22)] , (2.25)
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Figure 2.4: Comparing the optomechanical entanglement properties under different mecha-
nisms, the high-frequency resonance of the filtering model Hy (blue circular line), the high-
frequency inverse-resonance of the filtering model H} (red dashed line), and the original model
Hr (green solid line). (a) Plot of the logarithmic negativity Ey as a function of the normal-
ized detuning frequency of the optical field |A| (in units of wy,). We set 7, = 2007Hz and
T = 400mK. (b) Plot of the logarithmic negativity Fy versus the mirror temperature 7. We

set 7 = 200mHz and A = 0.5wy, = 10mMHz. In both panels, the other parameter values are

the same as in Fig. 2.3.

where

== %{2 (V) — \/[2 (V))? — 4 det (V)}é (2.26)

is the lowest symplectic eigenvalue of the partial transpose of the 4 x 4 steady-state correlation
matrix [90]. For simplicity, we denote the 4 x 4 steady-state correlation matrix in a 2 x 2 block-
matrix formas V = [(8, 3), (87,71)],and £ (V) = det (©) +det () — 2 det (3). We note that
a Gaussian state is entangled if and only if = < 1/2. This is equivalent to Simon’s entanglement

criteria for all bipartite Gaussian states [91], which can be written as 4 det (V') < (V') — 1/4.

We numerically calculated the negativity for cavity optomechanical systems as shown in
Figs. 2.3 and 2.4. In our numerical simulation, we utilized the parameter values identical to
those outlined in Ref. [46], which agree with the current optomechanical experiments config-
urations [92-95] and satisfy the stability conditions (2.22). To begin with, we set the initial
closed-optomechanical system in the maximum optomechanical entangled state. For simplic-

ity, we assumed that the driving laser frequency wy, is resonant with the characteristic frequency
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w, of the cavity field, that is, the laser detuning from the cavity resonance satisfies Ag = 0.

In Fig. 2.3, we compare the sensitivity of the optomechanical entanglement Fy to the me-
chanical damping rate v, for the two optomechanical systems, Hr and Hg. We show a sig-
nificant enhancement of the robustness of optomechanical entanglement for Hr against .
Specifically, we observe the decrease of Fy due to v, = 20007Hz in Fig. 2.3(b) is approxi-
mately half of that in Fig. 2.3(a), which implies that the optomechanical entanglement of the
filtering model Hy is almost twice as robust to vy, as the original model Hr. Additionally, it is
worth noting that the presence of optomechanical entanglement is only within a limited range
of |A] around |A| &~ wy,, which means that the frequency resonance between the normalization
of the detuning frequency of the optical field | A| and the frequency of the mechanical oscillator

wm plays a dominant role in the generation of optomechanical entanglement.

We further examine the impact of the resonance effect between the mechanical mode and
its thermal reservoir on the properties of optomechanical entanglement. For this purpose, we

set v = 200mHz according to the actual laboratory conditions.

Figure 2.4(a) shows the logarithmic negativity F\ versus the normalized detuning fre-
quency of the optical field |A| (in units of wy,) for cases models, the high-frequency resonance
of the filtering model H, the high-frequency inverse-resonance of the filtering model H{, and
the original system Hr. It shows that the maximum optomechanical entanglements for Hy and
H{ are equal to each other while that for Hr is less than it. The results indicate that the res-
onance effect can safeguard the maximum optomechanical entanglement by filtering out the
contributions from a largely detuned part of the degree of freedom, ultimately reducing both

the Brownian noise £ (¢’) and the mechanical dissipation ;.

The robustness of the entanglement Fy with respect to the environmental temperature 7" of
the mirror is shown in Fig. 2.4(b). We find that the optomechanical entanglement of the filtering
model Hr remains even at temperatures around 10K and is twice the magnitude of the persistent
temperature in the original model Ht. In addition, we observe that the high-frequency reso-
nance and the high-frequency inverse-resonance regimes have completely equivalent effects

on optomechanical entanglement.

In summary, we have discussed the impact of the high-frequency resonance effect between
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Figure 2.5: A circuit consisting of a resistor, inductor, and capacitor can be used to build an
oscillatory filtering model for high-frequency resonance. This experimental setup comprises an
on-chip optical cavity (green) coupled with a high-quality-factor nano-mechanical resonator.
By turning on the switch S} and turning off the switch S,, the thermistor (orange) will provide
a thermal environment that couples with the resonator, corresponding to the original model Hr.
Conversely, the thermistor and the oscillator (black) will generate a thermal environment with
high-frequency oscillation that couples with the resonator, corresponding to the filtering model

Hg. Direct current, abbreviated as DC, is used for signal frequency readout.

the mechanical oscillator and its thermal reservoir on optomechanical entanglement. We have
found that the resonance effect doubles the robustness of optomechanical entanglement to the
mechanical dissipation and the mirror temperature. We have achieved the maximum protection
of optomechanical entanglement by constructing a filtering model using resonance effects.
We have observed numerically that both the high-frequency resonance and the high-frequency

inverse-resonance regimes have equivalent effects on optomechanical entanglement.
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2.3.4 [Experimental implementation

We propose materializing the present theoretical filtering model in a resistor-inductor-
capacitor circuit [64,96,97] or superconducting quantum interference device experiments [98].
Here, we focus on the high-frequency resonance region. As shown in Fig. 2.5, we build an os-
cillatory circuit consisting of a capacitor C, an inductor L, a thermistor R, and an oscillator
X. We set the normalized detuning frequency of the optical field of the LC circuit to satisfy
|A| = 1/(2nvLC) = 20nMHz.

First, the mechanical resonator (blue) and the optical cavity (green) are connected via an
inductor. Second, an extensive AC voltage bias V¢ is applied in order to excite the me-
chanical resonator, represented as a movable capacitance C, (). To obtain the maximum
optomechanical entanglement, the frequency of the applied voltage should be close to |A|,
namely |A| = wy. Next, as the LC circuit oscillates, a current is induced in the thermistor,
generating a temperature change due to the Joule heating effect. Therefore, by turning on the
switch S and turning off the switch S, simultaneously, the mechanical resonator is coupled
to a full-frequency thermal reservoir, corresponding to the original model Hr. In contrast, the
largely detuned part of the degree of freedom can be filtered by applying the oscillator X if
we turn off the switch S; while turning on the switch S;. The oscillator X is an electronic cir-
cuit component capable of generating a specific frequency signal and can be utilized as a filter
to filter out unwanted frequency components selectively. Specifically, when the input signal
matches the resonant frequency of the oscillator, it amplifies the input signal and outputs a
near-resonant signal, thereby achieving high-frequency oscillatory wave filtering. Thus, the

resistor-inductor-capacitor oscillatory circuit can be described by the filtering model Hr.

In addition, we need to choose a mechanical resonator with a giant mechanical quality factor
to ensure that significant quantum effects are achievable, that is, Q) = wy/ym =1/ > 1
corresponding to the weak-coupling limit v < 1. The remaining parameter values for the
simulation of the circuit experiment are the same as in Fig. 2.4(a). Furthermore, we note
that with optical interferometry techniques [99, 100], we can observe the resonance response
of a mechanical resonator to its thermal environment. The homodyne detection techniques

[101,102] can be used to measure an optomechanical entanglement.
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Figure 2.6: Schematic diagram depicting a one-dimensional array of optical cavities coupled

via linear hopping between each cavity, with an oscillating end mirror.

It is important to note that experimental studies on open-system dynamics with linear opti-
cal setups often use approximated simulations of quantum channels, such as amplitude decay or
phase-damping channels [103—106] These simulations rely on the rotating-wave approxima-
tion for system-bath interactions and the weak-coupling approximation. Recently, we noted
that a study aims to test the difference between channels with and without the rotating-wave
approximation by studying the varying dynamics of quantum temporal steering was demon-

strated experimentally [107, 108].

2.4 Generalized extension and application

We are now extending the theory of resonance-dominant entanglement to a multi-mode
optomechanical system. Specifically, we discuss an optical-cavity array with one oscillating

end mirror and investigate optimal optomechanical-entanglement transmission.

As schematically shown in Fig. 2.6, the system comprises an oscillating end mirror cou-
pled to an array of optical cavities. The adjacent optical cavities are linearly coupled with an
interaction strength of J [109]. A laser field drives the left end of the optical cavity, while the

right end is connected to a vibrating end mirror.

If we consider this system to be in the high-frequency resonance regime, the total Hamil-

tonian of this open quantum system can be expressed as
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N N-1
H=+ ﬁAOaJ{al + chja}aj + hwnb'd + ik <Eai — E*a1> +h Z J <a;r-aj+1 + a;r-Haj)
j=1

J=2

G N N
— ﬁ7%ajvaN (bT + b) + hz Z ijr;(krjk + hz Z ik (F}kaj + a}ij>
j=1 k j=1 k
ln
+hY wuAA, —ih Y - (Ab—b'A,) (2.27)
where a} (a;) and F} » (I'jx) are the corresponding creation (annihilation) operators for the jth

optical cavity mode and its thermal reservoir modes with frequencies we; and w, respectively,

and the coupling strength between them is g;y.

Similarly, nonlinear Langevin equations for the operators of the mechanical and optical

modes are given as follows:

. 1
4 = wmp 4q+2§,
P = —Wng — 1 p + Goayan + §§, (2.28)

ap = — (k +iAo)ay —iJag + E +V2kal, -,
aj = — (k+iwe) aj — iJ (aj-1 + aj1) + V2kal, -+ |

an = — (kK +iwey ) an — iJan_1 + iGoqan + 2/{@%‘,,

where we assume that all optical-cavity fields share the same coupling strength: g, = gi, i.e.,
kj = K. As the simplest case, we consider N = 2 to study the optomechanical entanglement
properties of this system. Similarly, we use the logarithmic negativity to measure the entan-
glement between two arbitrary bosonic modes in the system. Now, we focus on the numerical
evaluation of the bipartite entanglement F°! to show the optimal remote optomechanical en-

tanglement transfer.

In the two-cavity case, we let EX!, E7¢2 and E{¢!? denote the logarithmic negativity
between the mirror and the cavity 1, the mirror and the cavity 2, and the cavity 1 and the cavity
2, respectively. In Fig. 2.7(a), we plot EX¢!, B2 and E!? as functions of the normalized
detuning || (in units of wy,) with the other parameters set to Ag = 0, J = 0.7wy,, and T' =
400mK. The normalized detuning @w = w., — Gxs depends on the steady-state mean values

Qs = Goadb,as/wim, and aog = —iJays/ (k + 1) with g = E/ [k + 1A + J?/ (K + i@)],
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Figure 2.7: The optimal remote optomechanical-entanglement transmission. (a) The negativity
entanglements ET¢! (pink dotted line), E2°? (black solid line), and ES!? (blue dashed line)
as a function of the normalized detuning || (in units of wy,) with the other parameters set to
Ay = 0and J = 0.7wy. (b) The negativity entanglements ¢!, E°2 and E!? versus
the linear hopping strength J (in units of wy,) with the other parameters set to Ay = 0 and
|w| = 0.6wn. (c) The negativity entanglements E¥¢! as a function of || (in units of wy,)
for different values of the linear hopping rate: J = 0 (blue circular line), J = 0.2w,, (pink
solid line), J = 0.4wy, (orange square line), J = 0.6wy, (purple dashed line), J = 0.7wy
(green triangle line), J = 0.8wy, (brown dotted line), and J = wy, (red cross line). (d) The
negativity entanglements ¢! as a function of J (in units of wy,) for different values of the
normalized detuning: |w| = 0.2wy, (blue solid line), || = 0.4w,, (red square line), || =
0.6wy, (orange circular line), || = 0.8wy, (purple dashed line), and |@w| = wy, (green cross

line). The remaining parameter values for all panels are set to be the same as those in Fig. 2.4.
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which can be obtained by setting the time derivation to zero in the nonlinear Langevin equa-
tion (2.28) for N = 2. Our numerical findings show that by tuning the magnitude of zo, we are
able to achieve long-distance optomechanical-entanglement transfer. As || increases approx-
imately from 0.50wy, to 0.65wy,, the distant optomechanical entanglement F2°! correspond-
ingly increases at the expense of the decrease of the neighboring optomechanical entanglement

EX2 due to the adjacent cavities acting as entanglement transmitters.

In Fig. 2.7(b), we plot EX¢!, E¥¢2 and F{!? as functions of the linear hopping strength
J (in units of wy,) with the other parameters set to Ag = 0, |w| = 0.6wy, and 7' = 400mK.
In a similar analysis, we can also implement distant optomechanical entanglement transfer by
adjusting the strength of J approximately from 0.5wy, to 0.75wy,. In particular, when 7' =
400mK, we find that the optimal remote optomechanical entanglement transfer occurs around
|| = 0.6 and J = 0.7 (in units of wy,), and the maximum value of remote entanglement F7°!

is approximately evaluated at 0.045; see Fig. 2.7(c)-(d).

2.5 Summary and prospect

In summary, we have demonstrated that resonance effects between a mechanical mode
and its thermal environment can protect optomechanical entanglement. Specifically, we have
shown that resonance effects nearly double the robustness of the optomechanical entangle-
ment against mechanical dissipation and its environmental temperature. The mechanism of
optomechanical-entanglement protection involves the elimination of degrees of freedom as-
sociated with significant detuning between the mechanical mode and its thermal reservoirs,
thereby counteracting the decoherence. We have revealed that this approach is particularly
effective when both near-resonant and weak-coupling conditions are simultaneously satisfied
between a mechanical mode and its environment. We have also proposed a feasible experi-
mental implementation for the filtering model to observe these phenomena. Furthermore, we
extended this theory to an optical cavity array with one oscillating end mirror and investigated
optimal optomechanical entanglement transfer. This study represents a significant advance-
ment in the application of resonance effects for protecting quantum systems against decoher-
ence, thereby opening up new possibilities for large-scale quantum information processing and

the construction of quantum networks.
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In addition, extending the resonance-dominant entanglement theory to non-Markovian and
non-Hermitian optomechanical systems is also challenging and expected to be impactful. Specif-
ically, we ensure that studying non-Markovian effects [110-114], exceptional points [115],
parity-time symmetry [116], and anti-parity-time symmetry [117] on optomechanical entangle-
ment is exciting. In particular, we are interested in future investigations of the optomechanical
entanglement properties between resonance states [118, 119] in non-Hermitian systems. This

work aims to develop an innovative approach for protecting continuous variable entanglement.
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Appendix A

Appendix for Chapter 2

A.1 Derivation of the Hamiltonian (2.1)

Here, we show the origin of the total Hamiltonian (2.1) [8,64]. The total Hamiltonian (2.1)
of this field reservoir consists of two parts, the system (2.2) and the environment (2.3). There-
fore, to obtain Eq. (2.1), we need to demonstrate the specific origins of Egs. (2.2) and (2.3)

separately.

To begin with, we show the origin of the system Hamiltonian (2.2). As usual, for an op-
tomechanical system driven by an optical laser, the Hamiltonian of the composite system can

be written as

12

1 . .
HY = hwea'a + g—m + §m(wmq’)2 — hiGd'aq' +ifi (Ee ™'al — E*e™'a), (A-1)

where a monochromatic field drives the optical mode with the driving frequency wy, and the
complex amplitude of the driving laser is denoted by E. The optical frequency shift per dis-
placement is given by G = —0w, (z)/0x = w./L. To make the Hamiltonian independent of

time, we then move to the rotating frame of the frequency, which changes Eq. (A-1) to the
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following:

H,=U @) H () U (t) —iU (1)U (¢)

1

= hA\oa'a + 5— + §m(wmq')2 — hGa'aq + ih (EaT — E*a) , (A-2)
m

where we used the unitary transformation of the form U (¢) = exp (iwoaTat) and Ay = w, —wp

denotes the detuning of the cavity characteristic frequency w, of the optical cavity from the

driving laser frequency wy.

We make the position and momentum operators dimensionless by defining the zero-point
fluctuation amplitude of the mechanical oscillator as Xzpr = \/h/2mwy,. Then, we define the

dimensionless position operator ¢ and momentum operator p as follows:

q 1 1 Y i 1
g = — (bt b), p=— P Y ), (A-3)
\/§XZPF \/§ ( ) ﬂmmeZpF \/5 ( )

Substituting Eq. (A-3) into Eq. (A-2), we arrive at

Hg = hl\ga'a + gwm (p* + ¢°) — hGoalag + ifi (Ea' — E*a)

(b +0b)
= hAoa'a + hwnb'd — KGoa'a———= + il (Ea' — E*a), (A-4)
V2
where Gy = V2GXzpr = wer/h/mwny /L is the vacuum optomechanical coupling strength,
expressed as a frequency. It quantifies the interaction between a single phonon and a single

photon. This produces Eq. (2.2) in the main text.

Next, we give the origin of the environment Hamiltonian (2.3) for the first time. As is well
known from the Bose-Einstein statistics, a heat bath associated with a boson system can be
considered as an assembly of harmonic oscillators. This type of heat bath can serve as a model
for various physical systems, such as elastic solids (mechanical reservoirs) and electromagnetic

fields (optical reservoirs).

Firstly, since in the optomechanical system, both the photons in the optical cavity and the

phonons in the mechanical oscillator obey the Bose-Einstein statistics, the free part of the en-
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vironment can be written in the simple form

=3 ey X et e @
A k ” n

where mj, and m)} correspond to the effective mass of the kth optical reservoir and nth mechan-
ical reservoir, respectively. The momentum and position operators corresponding to the kth
optical reservoir and the nth mechanical reservoir are denoted by p;, p; and g} g, respectively.
We set ©5 = m¢ (wy,)” and O™ = m™(w,)” as the optical and mechanical potential-force con-
stants. The harmonic-oscillator reservoirs have closely spaced frequencies corresponding to
photons and phonons, denoted by w; and w,,, respectively. Through the process of removing
the dimensions from the operators, we define the dimensionless momentum operators pj, and

Py as well as position operators ¢, and g, as follows:

Substituting Egs. (A-6) and (A-7) into Eq. (A-5), we have

0
=5 2wk [0 + (@)’ an ()" + (@)7], (A-8)
k

Secondly, we consider the coupling between the system and the environment. The Hamilto-
nian of a system can be left arbitrary, such as an atom, as in quantum optics, or a macroscopic
LC-circuit. In our case, we treat the optomechanical system as a perturbation to the baths, by

writing

A h
Hg =+ 5 Zwk [(p%)Q + (qr + ECkQC)Q} + 9 an [(pg - ngIn)Q + (%T)Q]
k
h
=t3 zk: wi [(05)* + (a§)° Z wr(ehge)” + B Z ke e (A-9)

F Y [0+ () an )Y .
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or

3 i
A"y = Zwk (i + i)’ + (@] + 5 an (P = Xpam)” + (4]
=+3 ; wi [(05)" + (45)° Z wi(espe)” + i Z WRES DD (A-10)

+ g;wn () + (a) an X Gm) —ﬁ;wnx?fpfqm

The orthogonal relationship for the dimensionless position and momentum operators of the

system and the environment read:

(a6 +a) p =

(b" +b) ,pe =

qc =

qm =

Sl =Sl

By substituting Eqs. (A-11) and (A-12) into the Egs. (A-9) and (A-10), absorbing terms only
of the system operators /i 3", wi($pc)?/2, B, wi(€5qe)? /2, and B Y, w, (X™gm)? /2 into the
system Hamiltonian, and further neglecting these higher-order perturbations quantities con-

taining (£$)* and (x™)?, we obtain

H E*—)ch —+hzkaTFk+ﬁzgk (FT T+Fka> +ﬁzgk <F£a+l“ka>
+ﬁ2wn A, —mz n) (b7 +0), (A-13)
H EHHgL:+ﬁzkaTFk—hzgk <F —i—Fka) +ﬁzgk <FTCL+F]€CL)

+h2wn A, —mz a) (T +0), (A-14)

where we set g, = eSwg/2 and £,, = x"w,,. The real numbers g and /,, represent the coupling
strengths between the subsystem and the nth reservoir mode, respectively. Finally, we apply the
rotating-wave approximation and neglect the counter-rotating terms FL(LT and ['ya in Egs. (A-
13) and (A-14), yielding H* ~ H¥* = Hg = HY ~ HE, where H* and H represent
the Hamiltonian after the rotating-wave approximation. This process produces Eq. (2.3) in the

Chapter 2.
In conclusion, we have physically revealed that photon and phonon perturbations interact
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with the reservoirs differently. The coupling between photons and the bosonic reservoirs re-
sults in the potential energy of the bath depending on the deviation of ¢, from all the ¢, while
the kinetic energy of the bath depends on the derivation of p, with respect to all p§ as well. In
other words, it is as if each coordinate gj, or pj, is harmonically bound to g, or p., respectively.
In contrast, the coupling between phonons and the bosonic reservoirs makes the potential en-
ergy of the bath depending on the deviation of ¢,, from all the p'. The kinetic energy of the bath
depends on the derivation of p,, with respect to all ¢ as well. In other words, it is as if each
coordinate ¢ or p; is harmonically bound to p,, or gy, respectively. In addition, we point out
that this difference between perturbations of photons and phonons on the bosonic reservoirs
also results in the fact that in the rotating-wave approximation, neglecting the rotating-wave
terms FLaT and [';a in the coupling between photons and the electromagnetic field leads to the
simplification of 37, wi[(pS + 5pe)” + (¢5)%] = 32, wil(p8)” + (5 + £5¢c)°], while neglect-
ing the counter-rotating terms Al b and A,,b' in the coupling between phonons and elastic solid

simplifies 3w, [(0™ — Xgm)” + (¢™)7] = 2, wal (™) + (¢ — X"pm)’]-

A.2 Details of the derivation of Eqs. (2.4)-(2.6)

In this Appendix, we derive the nonlinear Langevin equations that the total Hamiltonian
Hrtin Eq. (2.1) satisfies. To begin with, let us derive the nonlinear Langevin equations satisfied
by the optical cavity field. The Heisenberg equations of motion for the operator a of the optical

cavity field and its corresponding reservoir operators 'y are given by

1 (o' +b)

a = —[a, Hr] = —iApa + iGoa +FE—1 Iy, A-15

Zﬁ[ T] 0 0 \/5 ;gk k ( )
L

Iy = i Lk, Hr] = —iwp 'y — igra. (A-16)
i

We are interested in a closed equation for a. Equation (A-16) for [';, can be formally integrated

to yield

t
T (1) = Ty (to) e"rlt=to) igk/ a(r)e” @t dr, (A-17)

to
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Here the first term describes the free evolution of the reservoir modes, whereas the second
term arises from their interaction with the optical cavity field. We eliminate I';, by substituting
Eq. (A-17) into Eq. (A-15), finding
bt +b) 5 [ .
+ F — / a(r)e =" qr + £ (¢ A-18
7 > (o) (7) fat)  (A-18)

k to

a= —iAoa + iGoa(

with f, (t) = —i >, gil'k (to) exp [—iwy (t — to)]. In Eq. (A-18), we see that the evolution of

the system operator depends on the fluctuations in the reservoir.

To proceed, we introduce approximations. Following the Weisskopf-Wigner approxima-
tion [17], we replace the summation over £ in Eq. (A-18) with an integral term, thereby tran-
sitioning from a discrete distribution of modes to a continuous one, 3, ~ (L/27)" [ d°k,
where L is the length of the sides of the assumed cubic cavity with no specific boundaries,
and k = (kg ky, k) is the wave vector. The density of modes between the frequencies w
and w + dw can be obtained by transferring from the Cartesian coordinate to the polar coordi-
nate as in k = (kg ky, k) — [ksin(8)cos (¢), ksin (0)sin (¢), k cos (0)]. The correspond-
ing volume element in the k space is d*k = k2sin (6) dkdfdé = (w?/c?)sin (0) dwdfde.
The total number of modes N, in the range between w and w + dw is given by dN, =
(L/2mc)’w?dw [ sin (0)df fo% do = (L3w?/2m%c)dw. A mode density parameter at frequency
w is therefore given by D, (w) = dN, (w)/dw =L3w?/27c®. We then approximate this spec-

trum by a continuous spectrum. Thus, the summation in Eq. (A-18) can be written as

(bT +b)
V2

t p+oo
a = —iAoa + iGoa —|—E—// ¢ (W)Dy (w) e (1) dwdr + £, (), (A-19)
to/ 0

where g (w) = g = g [k (w)] is the coupling constant evaluated at k = w/c. Considering an
ideal situation, we assume for simplicity that [g (w)]°D, (w) = x/7 > 0 is constant, so that

Eq. (A-19) is reduced to a simple first-order differential equation [8]:

. Aoa +iG (bT + b) +E K /t+0+ /+OO —iw(t—T) ( )d dr + f (t) (A 20)
a = —1 a (3 a —_ = (& al\T waT a . -
’ ° \/§ ™ to 0

Using the relations

+0o0
/ e wNdy =15 (t—71), (A-21)
0
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we arrive at Eq. (2.6) in the main text:

: , (b +0b)
a=—(k+1io)a+iGoa + E + V2kaj, (A-22)
V2
with
fa (t) _Z. 3 _
in () = = T (to) e~ s(=10), A-23
a ( ) m \/% zk:gk ( O) € ( )

where a;, (t) is a noise operator which depends upon the environment operators I (¢y) at the
initial time and x is the decay rate of the optical cavity field, which depends on the cou-
pling strength g, of the optical cavity field and its corresponding reservoirs. We have ¢ =

(bT + b) /v/2 (quadrature definition), and thus we obtain
a=—(k+1ilo) a+iGoaq + E + V2kain. (A-24)

Similarly, the Heisenberg equations of motion for the mechanical operator b and it is corre-

sponding reservoir operators A,, are given by

b= % b, Hy] = —iwmb + z‘%am - % Z . (AL = A,) (A-25)
b= % [bf, Hy] = itomb — z@a%w Zz (AL = A,) (A-26)
A, = iﬁ [An, Hr] = —iwn Ay, — Enw (A-27)
Al = % (A6, Hr] = iw, A, — £, (¢ ; J : (A-28)

Since we have the orthogonal relationship ¢ = (bT + b) / V2 and D=1 (bT — b) / \/5, where
p and ¢ are the dimensionless position and momentum operators of the mirror that satisfy the

commutation relation [¢, p| = i. The derivatives of ¢ and p with respect to time read

<6T + 6) = Wmp, (A-1)

(AL~ An)
N

Q
|
Sl
[\

(bT — b) = —wmq + Goa'a +i Z ly (A-2)

. 7
P=

Equation (A-1) corresponds to Eq. (2.4) in the main text.
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We now focus on a closed equation for p. Equations (A-27) and (A-28) for A, and Al can
be formally integrated to yield

. 1 ¢ .
Ay, (1) = A, (tg) e Hnlt=to) 5n / b (7) + b ()] e = dr, (A-3)
to
. 1 ¢ .
Af (1) = Al (tg) e™n(t=to) — §€n / b7 (7) + b ()] e“rar. (A-4)
to

We then eliminate the reservoir operators A,, and Al by substituting Egs. (A-3) and (A-4) into
Eq. (A-2), and thereby obtain

p=—wmq + Goala + O + £, (A-5)
where
f (t) = % ; l, [AIL (to) eiwn(t—to) — A, (to) e*l’&)n(t*to)} (A-6)
and
o) => (t) / t q (1) sin [w, (t — 7)] dr. (A-7)

Equation (A-6) is the same as Eq. (2.8) in the main text [68].

We then integrate Eq. (A-7) by parts and obtain

CIGEDS (ZL) {q(t) cos [wn (t —to)]}y, — > % / q () coswy (t — 7)]d7. (A-8)

n n n to

The integrand function ¢ (t) = > [(£,)? cos (wat)]/w, can be seen to have the form of a
memory kernel since it makes the equation of motion at time ¢ depend on the values of ¢ ()
for the previous time. Within the Born-Markov approximation [18], we assume that ¢ () is
a rapidly decaying function and that the system has a short memory. More precisely, if ¢ (¢)
goes to zero in a time scale that is much less than the time over which ¢ (¢) changes, then we

can replace ¢ (7) by ¢ (¢). For ¢ not close to the initial time ¢y, we can drop the first term in
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Eq. (A-8). Thus, Eq. (A-8) reads

Ot)~ — Z % / q (t) cos [w, (t — 7)] dr. (A-9)

to

Similarly to the optical cavity mode a, using the Weisskopf-Winger approximation, we consider
the spectrum to be given by the normal modes of a large scale, . — +oo. The difference
between phonons and photons is that g, = g [k (w)] = g (w) is the coupling constant evaluated
at w o< k? instead of k = w/c. We then approximate this spectrum by a continuous spectrum.

Thus, the summation in Eq. (A-9) can be written as
e [¢ (@)
O(t) ~ —/ / dwdTTq' (t)cos|w (t —7)] Dy (w). (A-10)
0 to

Considering an ideal situation, by setting [¢ (w)]* Dy (w) Jw = 7/, we thereby obtain

~ +oo  pt+0t
(1) ~ ——/ / dudr (1) cos [ (t— 7)] (A-11)
™ Jo to
Using the relations
+oo
/ cos [t (t — 7] dw = 76 (t — 7). (A-12)
0

and by substituting Eq. (A-1) into © (¢) ~ —vq (t), we arrive at Eq. (2.5) in the main text:
p = —Wmq — YmP + GOCLTa + 57 (A-13)

where the mechanical damping rate is v, = wny, which depends on the coupling strength /,,

and the characteristic frequency of mechanical oscillator wy,.

A.3 A detailed description of the inverse-resonance region

In our work, we mainly focus on discussing the high-frequency resonance range since its
physical significance is clear and universal. However, the high-frequency inverse-resonance

range does indeed exist and holds a specific physical meaning as explained below.
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A high-frequency inverse-resonance range requires a heat bath consisting of harmonic os-
cillators with negative-energy modes. Such oscillators are equivalent to those with a negative
mass, which have been studied in schemes to evade quantum measurement backaction [79,80].
Such a scheme was experimentally demonstrated using an atomic spin ensemble initially in its
maximal-energy spin state within a magnetic field. Spin flips decrease the energy and corre-
spond to excitations of a harmonic oscillator with a negative mass [81]. Alternatively, a frame
rotating faster than the mode itself can effectively realize the negative-energy mode, such as
quantum back-action evading measurement of collective mechanical modes [82, 83]. In our
setup, a heat bath with negative frequencies can be implemented through engineering dissipa-

tion in a multimode optomechanical circuit [52,76,77].

We consider a mechanical mode coherently coupled to a heat bath comprising negative-
energy modes in the inverse-resonance region wy, (A) w, (A) < 0, which is described by the

Hamiltonian
1
_ 1 T _ n T T -
H=nh En wn (A ALA, + hwy, (M) 00 — ik En 5 (An An) (b +b). (A-14)

with the same symbols defined in the manuscript. Here the bare frequencies w,, (A) < 0 and
wm (A) = 0 vary with respect to a parameter A. To achieve a filter design, we introduce a

frequency transformation
A, (1) = Ay (t) exp [—ijw, (V)| #]  and b () = b(t) exp [iwm (A) t] (A-15)

for A, (t) and b (¢) in the interaction picture [17]. After the transformation, it becomes clear
that the mechanical mode has a positive phase (i.e., counterclockwise rotation), whereas its
corresponding heat-bath mode exhibits a negative phase (i.e., clockwise rotation). In the pres-
ence of high-frequency inverse-resonance dominance, we effectively eliminate the terms /~an~)T
and MLB associated with high-frequency oscillations. After the filtering process, we keep only

the terms of ALBT and A,,b, and hence Eq. (A-14) becomes
14
r_ _ f Ty nATRT -
H h En |lwn ()] AT A, + Ay, (A) b'b — ik En 5 (Anb Anb), (A-16)

which satisfies a typical coupling between a positive-energy mode and negative-energy modes.
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Despite the negative frequency of the heat bath mode implying a negative mean thermal
phonon number, it does harbor intriguing physical features, namely level attraction [78]. With-
out loss of generality, let us now show it by two minimal models: one is for the usual level
repulsion of two coherently coupled positive-energy modes in the high-frequency resonance re-
gion, namely a general red-detuned regime, where the dominant term is —if/; (AJ{b — A1bh)/ 2,
describing the exchange of quanta between them [40]; the other is for level attraction of a
negative-energy mode coherently coupled to a positive-energy mode in the High-frequency
inverse-resonance region, namely a general blue-detuned regime, where the dominant term is
—ihly (ATbT — A1b)/ 2, representing a two-mode squeezing interaction that lies at the heart of
parametric amplification [85]. There is a symmetry relation linking the two cases, as they are

images of each other.

First, we derive the level repulsion of two coupled positive-energy modes with an energy
crossing, which has applications ranging from solid-state theory to quantum chemistry. Two

modes of positive energy interact with each other, as described by the Hamiltonian [78]

Ll

Hug = filun (V)] Al A + i () B1b — il (A{b - Ale) , (A-17)

The equation of motion in the Heisenberg picture are given by

A it A
i 1 — || 2441 1 ‘ (A-18)
dt\ p —Lity  wn b

The hybridized eigenmodes wy g of the system are obtained by diagonalizing the coefficient

matrix in Eq. (A-18), and resulting in the eigenfrequencies

1
o= 5 {leal + wn (= 4 6, (A-19

where we dropped the explicit A dependence. We now consider level attraction. A negative-
energy mode is coherently coupled to a positive-energy mode such that the system is described

by the Hamiltonian

¢
Hia = —hlwr V)] ATA; + Fwm (V) bTb — mgl (Aw - Alb) : (A-20)
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Figure A.1: Level repulsion and attraction are characterized by w; [78]. Two modes, whose
bare frequencies depend on a parameter A\, have a level crossing (dotted lines). When a co-
herent coupling is introduced, it generally lifts the degeneracy between these modes, leading
to distinct behaviors. In the more common scenario of level repulsion (a), the coupling opens
a gap between the frequencies of the hybridized eigenmodes w;r (blue solid lines) and the
eigenfrequencies wii, bend away from each other. In contrast, in the case of level attraction
(b), where one mode exhibits negative energy, level attraction occurs. The real components of
the eigenfrequencies w;", (blue solid lines) bend towards each other, converging at two excep-
tional points marked by kinks. Simultaneously, finite imaginary components of the frequencies
emerge (orange dashed lines). Notably, the mode with a negative imaginary component be-

comes unstable, exhibiting exponential growth.

The equation of motion in the Heisenberg picture is given by

A Lip A
d (A [ el gt ! (A-21)
dt \ pi Lity W ot

with the eigenmodes wy 4 and the corresponding eigenfrequencies

1
wazi{\wl\—l—wm:l:\/(|w1|—wm)2—€%}, (A-22)

where we dropped the explicit A dependence.

The only difference between Egs. (A-19) and (A-22) is the sign in front of /3. However,
it dramatically impacts physics. The Hermitian Hamitonian (A-20) can result in a complex

eigenvalue and unstable dynamics, which the eigenoperators cannot be interpreted as Bogoli-
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ubov modes [120]. We depict the repulsion and attraction of levels in Fig. A.1. In contrast to
the level repulsion (A-17), the level attraction (A-20) has two prominent features. First, the
eigenfrequencies are drawn towards each other instead of avoiding each other. Second, to sat-
isfy condition (Jw; (A)| — wm)? = £2, the frequencies acquire negative and positive imaginary
parts, leading to exponential growth and decay. Thus, the heat bath consisting of a group of
harmonic oscillators with negative modes in Hamitonian (A-16) exhibits instability. Further-
more, we observe that the level attraction arises when the coupling term includes a Pauli matrix

with an imaginary coefficient.

In the case of the level attraction, the interaction term can be expressed as i¢;0,/ 2 by de-
composing it in terms of Pauli matrices and omitting the term proportional to the identity; In
contrast to the level repulsion, for which the interaction term would be —¢,0,,/ 2. In addition,
we decompose the coefficient matrix in Eq. (A-21) into [(|w;| — wm) 0, + il10,]/ 2. If the first
term has a larger amplitude, the eigenfrequencies are real, while they are complex if the second
term dominates. It is worth noting that when the two Pauli matrices have coefficients of the
same amplitude, the matrix is proportional to o, + i0c,. At this point, the two eigenvectors
coalesce, and a single eigenvector with a single eigenvalue subsists, marked by an exceptional
point, which corresponds to the point of maximal non-reciprocity, leading to a possible non-
reciprocal photon transmission and amplification via reservoir engineering [84]. More details

are explained in Ref. [78].

To sum up, we have shown that the negative frequency of the heat bath holds a particular
and significant physical meaning. First, the quantum back-action evading measurement of col-
lective mechanical modes provides the possibility to prepare an ensemble of effective negative
mass oscillators. Second, negative-energy modes coupled with a positive mode, having oppo-
site phases between a mechanical mode and modes of heat bath, can lead to an intriguing level

attraction of complex spectrums associated with exceptional points and unstable dynamics.

A.4 Details of the derivation of Eqs. (2.11) and (2.12)

In this Appendix, we focus on deriving the nonlinear Langevin equations (2.11) and (2.12)

satisfied by the filtering model Hf under the dominance of resonance effects. Specifically, we
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concentrate on the mechanical mode b, keeping the optical cavity mode a take the same form
as the dynamical Eq. (2.6). By substituting filtering model Hf into the Heisenberg equation,

we obtain

.1
b= (b Hi] = —zwmb—i—z—aTa—l— Zz A, (A-23)
AN T
b= [0, Hr] = iwmb —z—a fo+ = Zz Al (A-24)

A—i[A H]——z’wA—g—”b (A-25)
n — Zﬁ ny F| — niln 2 )

. 1 /

Al = — [AT, Hp| = dw, AT — 20T, A-2
"R [ F} tWn iy 9 b (A-26)

The derivatives of p and ¢ with respect to time read

= % (5T + 15) = Wmp + % > lngn, (A-27)
L’ n
V2

(bT - b) = —wmq + Goala + % ; Copn. (A-28)

We are interested in the system operators p and q. Equations (A-25) and (A-26) for A,, and Al

can be formally integrated to yield

. 0, [t :
Ay (t) = Ay (o) e on(tt0) -5 / b(r)e “r=Tqr, (A-29)
t
) 14 to .
Al (t) = Al (tp) ent=10) — 5 / bt (7)e =T dr. (A-30)
to

The parts of Egs. (A-27) and (A-28) that contain environmental operators ¢, and p,, can be

written as
1 1 AT+ A 1 1 ) ,
- E :gn S E 0, -2 "= - § = AT (tg) en(t=t0) L A (1) e~on(t=t0)
2~ fn 24 V2 24 \/5[”(0)6 + A (to)e ]

G LT[ e ' (t—7)
— =) — b (1)en =T dr +/ b(r)e wnlt=T dT} , (A-31)
; ( 2 ) \/5 |:/t0 ( ) to ( )

1 1 i(AL—A,) 1 i ot i
5 Zgnpn = 5 ;gnT = 5 ;gnﬁ [AL (to) e (t—to) __ An (tO) e (t to)}

2 . t t
= (%”) % { / bl (7)e™n T dr — / b(T)eiw”(tT)dT]. (A-32)
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For convenience, we concisely express Eqgs. (A-31) and (A-32) as

1 1, . 1 1
52 latn =58 M =X (1), 5> lapn =581 —x (1), (A-33)
where
1 . )
_ T iwn (t—10) —iwn (t—to
=> znﬁ [Af (o) e + A, (to) e T, (A-34)
H=> én% (AL (to) en(t=10) — A, () e~ n =] (A-35)

X (t) = Z (%") /t {q(1)cos[wy, (t —7)] + p(7)sin|w, (t — 7)]}dr, (A-36)

n

X (t) = Z <%n) /to {p(7)cos|w, (t —7)] — q(7)sin [w, (t — 7)]}dr. (A-37)

n

Next, we make approximations. In a similar way to Appendix A.2, under the Born-Markov

and Weisskopf-Wigner approximations, Egs. (A-36) and (A-37) become

/ m / o {G () sin w (¢ — Y] — (1) cos w (£ — 7]} w, (A-38)

+oo pt+07T W 2 y (W
/ / drdw {5 (1) sin [ (t — 7)] + 4 () cos [w (t-ﬂ]}%. (A-39)

Furthermore, we set [ (w)]> Dy (w) /w = ~ /7. Then, by using the relation fO cos [w (t — 7)] dw
=76 (t —7) and [,"sin[w (t — 7)] dw =0, we find X' () = —7p (t)/4 and x () = 74 (t) /4.

Finally, Eqgs. (A-27) and (A-28) can be rewritten as

: . : : 1
Q=wnp+ 5+ €, b= —wma— 1q+ Goala+5E(1). (A-40)

We ultimately reproduce the same equations as Eqgs. (2.11) and (2.12), which are presented in

the main text.

A.5 Details of the derivation of the Eqs. (2.15)-(2.17)

We set the mechanical damping rate as v,, = w,,,”y. For the part of the quantum fluctuation
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operators, we have

1
5§ = wndp + %5;5 +5¢, (A-41)
1
0p = —wmdq — %5(1’ + G (a;"da + agdal + 5a5aT) + 55, (A-42)
0a = — (k4 i) da + iGy (as0q + gsda + dadq) + vV 2kai,. (A-43)

In order to decouple ¢ and dp, by substituting Eqs. (A-41) and (A-42) into each other, we

obtain
2
s . _m 1 / ’Y_C:() * T i 1
(1_|_ 16) 8G = wmdp 0 5q—|—2§ + 1 (ozs5a+ocs(5a +§a(5a)+87§,
~? Yin 1 1
(1 + 1_6) 0p = —wmdq — Zép + Gy (afda + oeséaT) + 55 + Godada’ — gVﬁla
da = — (k +1iA) da + 1Goosdq + V2kai, + iGodady, (A-44)

where v, = Ywn. By dropping the second-order small terms, we obtain the linearized Langevin

equations
54 = wndp — %méq + %5’, (A-45)
5 = —wndq — 16p+ Go (el + asdal) + %g, (A-46)
60 = — (k + i) da + iGoasdq + v 2kain, (A-47)

which are consistent with Egs. (2.15)-(2.17) in the main text.
A.6 Details of the derivation of the Lyapunov equation

This Appendix derives the Lyapunov equation AV + VAT + D = 0. We begin with the
definition of the covariance matrix. According to the definition [121], any matrix element of

the covariance matrix can be expressed as

1

Vij (t) = B (i (8) g (8) + gy () pa (1)) (A-48)
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which satisfies the differential equation

dpu; (t)
dt

# P00 P )

Vsl _1 <d“;‘lft) i (8) + e (1)

The matrix elements of the differential equation (A-49) read
Z Azouz + n; ) (A'SO)

Substituting Eq. (A-50) into Eq. (A-49), we obtain

dVi: (t 1
A:+_< ZA’LO/’LO +nz )] +,u1

[ amon]

+ % < Z A]o,uo +n; )] —i— ,u] Z Am,uo —|— n; ) >
= Z Ao (1 )+ Z Ajo (1)Vio (t) + Dy (1), (A-51)
where
Dy (1) = (ni (8) g () + (i () m; (1)) ; (ny () i (1)) + (g (8) i (1)) A-52)

We then calculate each term in D;;. For example, we have

Z o (£, t0) (ny (t) o (to) +Z/ (t)n; (1)) dr
—Z / )y (7)) dr, (A-53)

where M (t) = exp (At). Similarly, we obtain the other terms in D;; in the forms

D)= /t Mio (£, 7) {no (1) nj (£)) dr, (A-54)
= /t Mio (¢, 7) {n; () no (7)) d, (A-55)
=2 /t Mo (2, 7) {no (7) mi (1)) dr. (A-56)
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Hence, D;; can be written as
t t
D=3 / Mjo (t,7) @) (t,7)dr + ) / M, (t,7) @) (t,7) dr, (A-57)
o “to o Yo
where

oY) (t,7) =

(n; (t)mo (1) + 1o (1) 0y (1)) (A-58)

NN NN

o (t,7) =

oJ]

{no (1) 15 (8) +n; () no (7)) - (A-59)

The transposes of the column vector of noise operators are given by Eq. (2.19). We note that

the non-zero correlation functions satisfy the following relations:

2 (Xin (1) Yin (7)) = =2 (Yaa () Xin (7)) = =20 (t = 7), (A-60)
2 (Xin (£) Xin (1)) = 2 (Vi (8) Yia (7)) = (270, + 1) 5 (t — 1), (A-61)
D&M +EMED) = O (T)+E (1)) =2mn+1)5(t—7). (A-62)

To be concise, we set n, = 0. Using the relation (A-60)-(A-62), we calculate each term of

10

ol (t,7) and @ﬁ? (t, 7). The result is given by
1 1 1 1
oy ey @y @y
(1)(1) @(1) (I)(l) (I)(l)
o) = | Hom | =Dust-7), (A-63)
D) Dyy D3z Dy
1 1 1 1
oy @) @f @l
where D;,= diag [ym (20 + 1) /4, vm (20 + 1) /4, K, £]. Similarly, we obtain

@((j) = Doj(s (t - T) = dlag [/Ym (Qﬁ + 1)/47 Ym (Qﬁ + 1)/47 K, l{] 0 (t - T) . (A_64)
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Therefore, Eq. (A-57) can be rewritten as

D;; Z/ tTdT+Z/thT ( ) dr
= Z/ o(t,7) Do (t dT+Z/ M, (t,7) Dyjd (t — 1) dr (A-65)
= 5 ;IjoDio+§ ;IioDoj = 5 ;Dialoj—i_é ;IioDoj = D7

where D = diag [y (21 4+ 1) /4, vm (20 + 1) /4, k, k]. Hence, we obtain

AV = /t h AM(T)DM (7)'dr = /t h %M(T)DM(T)TCZT, (A-66)
= / N M(7)D(AM (7)) dr = /t N M(r)D ddTM< )rdr. (A-67)

The combination of Egs. (A-66) and (A-67) becomes

AV + VAT =+ / h di[M(T)DM(T)T]dT — /t h M(T)iDM(T)TdT

o AT dr

=+ [M (r) DM(r)"][* = —D. (A-68)

When the stability conditions are satisfied, in the long-time limit, the derivative of the covari-
ance matrix with respect to time approaches zero, V = 0, and the solution M/ (4+00) converges

to zero. This produces the Lyapunov equation in the main text, AV + VAT = —D.
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Chapter 3

Topological quantum batteries

3.1 Introduction

With the decline of fossil fuels and the worsening of the global energy crisis, conven-
tional chemical batteries that charge and discharge through chemical reactions will gradually
be phased out. Instead, driven by the potential power of quantum effects and the demands
for nanotechnological miniaturization, the size of energy storage and conversion devices has
shrunk to atomic scales. With this background, Alicki and Fannes first proposed the con-
cept of quantum batteries in 2013 [122]. Fundamentally distinct from conventional batteries,
quantum batteries exploit unique quantum features for energy storage and release, potentially
outperforming classical counterparts with enhanced charging power [123—134], increased ca-
pacity [135-139], and superior work extraction [140—145]. Since then, a variety of possible
quantum batteries have been constructed, including Dicke type, spin-chain type, central-spin
type, etc [146—158]. In particular, a minimal yet favorite quantum battery model based on
two-level systems has been extensively studied both in theory [159—-164] and experimental

implementation [165—168].

Like quantum heat engines, quantum batteries offer a practical platform for incorporating
quantum effects into quantum thermodynamics [169—-173]. Extensive studies have focused
on the performance of quantum batteries in terms of their charging power and stored energy

from the perspective of quantum thermodynamics. Notably, the concept of ergotropy—another
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crucial performance indicator for quantum batteries that describes the maximum extractable
energy—was introduced by Allahverdyan, Balian, and Nieuwenhuizen [174]. Very recent re-
search indicates that coupling a quantum battery and a charger to a specific waveguide, such
as a rectangular hollow metal waveguide, facilitates efficient remote charging of the quantum
battery but inevitably results in low stored energy and diminished ergotropy [175-177]. A re-
lated challenge is whether a configuration exists that can effectively enhance the stored energy

and the ergotropy of quantum batteries.

Towards implementing quantum batteries in practical applications, another natural obsta-
cle is environment-induced decoherence caused by inevitable dissipation, which in general,
decreases the performance of the quantum battery, such as the energy loss and aging of quan-
tum battery [178—183]. Recently, the study of quantum battery dynamics in the presence of an
environment has attracted a deal of attention, and several schemes have been proposed to mit-
igate the effects of decoherence, including feedback control [184], exploiting non-Markovian
effects [185, 186], Floquet engineering [187], etc. However, does there exist a configuration
that can completely isolate the quantum battery from the effects of dissipation? Our work offers

substantial answers.

Topological concepts discovered in electronic systems [ 188, 189] have been translated and
studied as photonic analogs in diverse microwave and optical systems [190,191]. In particular,
the Su-Schrieffer-Heeger model and its extensions have been used in photonics to investigate
various optical phenomena [192—194]. On the other hand, using quantum emitters creates
new opportunities to explore topological properties involving interacting photons, especially
the topological protection exhibited by the Su-Schrieffer-Heeger model under single-excitation
dynamics, which has been recently investigated [195]. Similarly, a topological photonic bath
can be an effective substrate, imparting unique properties to quantum emitters. For instance,
a photonic waveguide that localizes and transports electromagnetic waves over long distances
can create a highly effective quantum light-matter interface [196—199], facilitating nontrivial
interactions between quantum emitters [200-203]. Inspired by topological waveguide quantum
electrodynamics advancements and advantages (QED) [204-207], we here propose a scheme
in this work that enhances the stored energy and the ergotropy by coupling two-level systems
with topological waveguide baths to overcome the above challenge fully. We also discover

that directly coupling the quantum charger and quantum battery enables the performance of
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the quantum battery to resist decoherence, stemming from the presence of a dark state and

vacancy-like dressed bound state.

In the experiment, quantum emitters coupled to a topological waveguide, which acts as
a photonic analog of the Su-Schrieffer-Heeger model, were realized by connecting super-
conducting transmon qubits to an engineered superconducting metamaterial waveguide [208—
210]. This waveguide comprises an array of subwavelength microwave resonators with Su-
Schrieffer-Heeger topology. By integrating principles from waveguide quantum electrody-
namics and topological photonics [211,212], researchers very recently observed qubit-photon
bound states with directional photonic envelopes within a band gap and cooperative radia-
tive emission from qubits within a passband, the findings demonstrate that coupling qubits to
the waveguide allows quantum control over topological edge states, enabling quantum state
transfer between distant qubits via a topological photonic waveguide [213]. Additionally, the
charging and discharging process of the battery can be experimentally verified through the

measurement layout inversion of a two-level atom [214].

In this Chapter, by leveraging topological properties, we develop a novel configuration
named topological quantum batteries, which consists of two two-level systems coupled to the
Su-Schrieffer-Heeger lattice. With the aid of this setting, we simultaneously address two ma-
jor challenges related to quantum batteries. One involves achieving near-perfect charging for
quantum batteries, while the other focuses on dissipation immunity engineering. Furthermore,
we demonstrate that utilizing the quantum Zeno effect boosts both the charging power and

ergotropy of quantum batteries in a short time.

3.2 Setup and dynamics

3.2.1 Setup

As shown in Fig. 3.1, we begin by considering a quantum charger and a quantum battery
that are linearly coupled, each modeled as a two-level atom. These two-level systems are con-
nected to a one-dimensional Su-Schrieffer-Heeger (SSH) [215,216] photonic lattice designed

with engineered photon loss [217,218]. Under the Markovian and rotating-wave approxima-
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Figure 3.1: Configuration illustration of the topological quantum battery. The quantum charger
and quantum battery, formed by linearly interacting two-level systems (TLSs), are coupled to

a one-dimensional topological photonic waveguide.

tions [219], the equation of motion (in the rotating frame) reads

pr = —i [Heys + Hgn + Hing, pe] + Lapr + Lopy, (3-1)
where
Hys = A (08 +068)/2+ 057 (0%0C + He), (3-2)
Hyp = f: (Jeald, + T bla,, + He.). (3-3)
j=1
fngﬁ¢,m%%+nq, (3-4)

with Q?Z’B = 04, ,00,3, Which implies that two-level systems are placed in the same cavity
and are directly coupled with strength 2. The Hamiltonian (3-2) describes a linear coupling
between two two-level systems, with detuning A between the resonance frequencies of the two-
level systems and the cavity-free frequency, under the assumption that the frequency of each
cavity is identical. The Hamiltonian (3-3) represents a structured bosonic bath with intracell

hopping ./, and intercell hopping J_. Here, we assume periodic boundary conditions ay 1 =

B

a1. The Hamiltonian (3-4) gives the atom-bath interaction with coupling strength g, where o}

(09) and 0B (0) denote the raising and lowering Pauli operators of quantum battery (quantum
charger), respectively. Here, a} (a;) or b} (b;) are the creation (annihilation) operators of the

sites A or B at the jth unit cell, with # = 1 here and hereafter. We note that for o, . with
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{a, B} € {A, B}, weseto,, , = a,, and o, , = b,,. In other words, the quantum charger and
the quantum battery are placed at different sites. The photon dissipators of different sublattices
are given by L, = r,)_; D [a;] and Ly, = k) ; DIb;], where £, (k) controls the photon loss
rates of sublattice A (B), and D[L]p = LpL' — {L'L, p}/2 is the Lindblad superoperator.

The effective non-Hermitian Hamiltonian we obtain from Eq. (3-1) is given by H 4 =
Hyo + HE + Hin, where HEY = Hop — (1/2) 37 (Kaala; + Kyblb;). We suppose that the
initial state is in the single-excitation sector. To be specific, the charger is fully charged to the
excited state, whereas the quantum battery is depleted to the ground state. Additionally, the
bath is in the vacuum state |vac). Then, the solution to Eq. (3-1) reads p; = e~ Hert poeiHint 4
Pt |9, g; vac) (g, g; vac| with p; = 1 — Tr[e_iHefftpoeiHchft] [220,221], in which the initial density
matrix is written as pg = |[¢ (0)) (¢ (0)| with |2 (0)) = |e, g;vac). Therefore, by limiting
our analysis to the single-excitation sector, we can concentrate on studying the effective non-
Hermitian Hamiltonian. Further, by defining o, = [ay, by)” with af, = -2 | e*ial /\/N and
bl = Zjvzl e““jb;/\/ﬁ, where k = 27n/N for n € (—N/2, N /2] within a lattice of cell
size N, the effective Hamiltonian of the bath, H, when moved to the momentum space, is

ssh?

expressed as 3, ol h, 0, with
h, = Re[fi] 0, — Im[fi] 0, — ik_0, — ik 00, (3-5)

where f, = J, + J_e " is the coupling strength in the momentum space between the bosonic
modes of a; and by, and K+ = (K, £ Kp)/4. In the subsequent discussions, we also set k, = K
at odd sites (sublattice A) and x;, = 0 at even (sublattice B). For Hi,, by using the definitions

ol ) into the momentum space. These

of a; and by, it 1s only necessary to transform Oz, )
J, &

)
operations yield a generalized non-Hermitian effective Hamiltonian in the momentum space.
Appendix B.1 contains a full derivation of the setup. We emphasize that the bath, which is
a topological waveguide, is described by two interspersed photonic lattices with alternating
nearest-neighbor hopping J.. = J (1 £ §) between their bosonic modes, where J defines their
strength, while 0, the so-called dimerization parameter, controls the asymmetry between them.
When 6 < 0, the accompanying winding number equals one, and the bath supports topologi-
cally nontrivial phases, belonging to the Bott-Dummit-Iverson class in the topological classi-

fication of phase [222]. Conversely, when 6 > 0, the winding number is zero, corresponding

to a topologically trivial phase. It is worth mentioning that the rotating wave approximation
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is always applicable when both g and J are very small and comparable. The counter-rotating
terms cannot be neglected when the strong coupling condition g > {.J, A} is met. However,
even considering the contribution of the counter-rotating wave, it only leads to more substantial

dissipation, which does not affect the conclusions of work.

3.2.2 Dynamics

Let us move on to the study of the population dynamics of the quantum battery. Specifi-
cally, we focus on the nonunitary evolution |t (t)) = et | (0)) starting from the initial
state, |1 (0)) = |e, g; vac) of the total system, for which the quantum charger is fully charged
while the quantum battery is empty, where |vac) denotes the vacuum state of the lattice of
bosonic modes. To analytically solve the dynamics of the quantum battery in this scenario,
we assume that the bath is in the thermodynamic limit (N — oo). By using the resolvent
method [223,224], the probability amplitude for the quantum battery to be excited at any time

can be calculated

_ dZ 2?5 (Z) + Q?ég —izt
CB (t) - c 2mi @ (Z) € ) (3'6)

where X228 (2) = g2G (T .0, Tn 5; 2) refers to the self-energy of the two-level systems. The de-
tailed derivations of the self-energy can be found in Appendix B.2. The single-particle Green’s

function of the bath is denoted as
G (:L‘m,om xnﬁ; Z) = <VaC| Ol"m,a(z - Zk OLﬁkOk)_loln,ﬁ |VaC> ) (3'7)

and 7 (z) = [z — A = T (2)] [ — A = 5 (2)] = [ + 235 ()]

3.2.3 Bound state

Now, we introduce the bound state, a critical “hidden” physical quantity impacting quantum-
battery performance. By precisely solving the probability amplitude in Eq. (3-6), we find that
the time evolution of the two-level systems is fully contributed by three parts, including bound-

state energies, branch-cut detours, and unstable poles. Since the contributions from the branch-
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cut detours and the unstable poles decay quickly over time, only the bound-state energies sur-

vive in the long-time limit, and we obtain

= ) Res

ZkEEb

; (3-8)

559 (2) + Q3 :
12 ) 12 2k e—zzkt
7(2)

where E, represents the coherent bound-state energies [225], i.e., the completely real eigenen-
ergies of the bound states, which can be obtained by solving the real roots of the pole equation
2 (E,) = 0, or equivalently, by imposing the eigenstate condition Hegr [10y) = Ej |t0p). Hence-
forth, we denote the residue in Eq. (3-8) as Res (z,), defined as Res[{2%5 (2) + Q5 }/2 (2) , z).
Refer to Appendix B.3 for detailed derivations of Eq. (3-8).

We next undertake the task of characterizing various thermodynamic properties of quantum
batteries. We initially introduce three crucial thermodynamic quantities essential for quantum
battery performance evaluation: stored energy, ergotropy, and charging power. Subsequently,
we explore how dissipation impacts quantum-battery performance under different configura-
tions. Lastly, we confirm that with increasing dissipation, the emergence of the quantum Zeno

effect significantly improves the short-time performance of the quantum battery.

3.3 Quantum battery performance

3.3.1 Performance indicators of quantum battery

To quantify the performance of quantum batteries, we introduce three thermodynamic in-
dicators, starting with the stored energy. The energy of the quantum battery at time ¢ is defined

E(t) = Tr[pp (t) Hp] = welcs ()|, (3-9)

where Hg = w.0% o describes the Hamiltonian of the quantum battery with a characteristic

frequency w., while pg (¢) denotes the reduced density matrix of the quantum battery.

Based on the stored energy, we can define the second thermodynamic indicator, the charg-
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ing power of the quantum battery, as P (t) = £ (t)/t, which we will discuss the related perfor-

mance in 3.3.4.

The third key indicator is called the ergotropy, which is used to describe the maximum

energy that can be extracted at time ¢, defined by
W (t) = Trps (t) Hs] — Tr[pg (t) Hp], (3-10)

where pp (1) = > 75 (t) |es) (5] is the passive state, r, (¢) are the eigenvalues of pp (t) ar-
ranged in descending order, while |¢) are the eigenstates of Hp with the corresponding egien-

values ¢, sorted in ascending order.

3.3.2 Phase diagram of quantum battery

By substituting Eq. (3-8) into Eq. (3-9), we see that the stored energy of quantum battery
in the long-time limit is only determined by the contributions of coherent bound-state ener-
gies. Thus, both the value of coherent bound-state energies and their corresponding residues
are crucial for quantum battery performance. In Fig. 3.2(a) and Fig. 3.2(c), we observe that un-
der resonance conditions (A = 0), the maximum stored energy (MSE) of the quantum battery
varies across different unit-cell distances d between the quantum charger and quantum battery,

showing a singular behavior (derivative discontinuity) precisely at phase boundaries

oy JEneasa -y e - 52
zl.|g|—2J\/ e 62.|g|—2J\/ i) (3-11)

where © [d] is the Heaviside step function.

For detailed derivations of Eq. (3-11), see Appendix B.4.1. Specifically, this behavior orig-
inates from a jump in the number of bound states at the phase boundaries and a corresponding
discontinuity in the residues of these states. However, despite the occurrence of such jumps
at the topological phase boundary as well, the maximum stored energy remains continuous at
the boundary [see the inserts in Fig. 3.2(c)] due to the vanishing residue of degenerate zero-
energy bound states, as depicted by the middle black line in Fig. 3.2(b) and Fig. 3.2(d) for

0 > 0. Notably, we show that in the parameter region to the left of the phase boundary /1,
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Figure 3.2: Panels (a) and (c) describe the maximum stored energy max [€ (c0)] as a function of
the dimerization parameter ¢ and the atom-bath coupling strength g, ford = —1 and d = —2
respectively. The white dashed line represents the topological phase boundary of the bath
(¢ : 0 = 0), while the blue and green dashed lines, ¢, and /5, respectively, represent two phase
boundaries of the maximum stored energy. In panel (c), the two insets at the bottom exhibit
singular behavior (the derivative is discontinuous) of the maximum stored energy at 6 = 0.5
upon crossing the phase boundary ¢, which is indicated by the arrow. The same conclusion
also appears at the phase boundary ¢;. Panels (b) and (d) show that the coherent bound-state
energies varies with ¢ at different d = —1 and d = —2, respectively. Here, we set g/J = 1
for both panels (b) and (d). The residues at the coherent bound state energies are color-coded,
facilitating observation of the contribution in Eq. (3-8) of these bound states. We choose x = 0

in (a)-(d). For (a)-(d) the other parameters are chosen as A = 0, « = B, and 5 = A.
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I Edge state ~ Quantum Charger Quantum Battery

Figure 3.3: The optimal charging mechanism involves achieving the optimal energy transfer
by placing the quantum charger and the quantum battery in different sublattices of distinct
unit cells within a topologically nontrivial regime. In the topologically nontrivial phase, the
bound states of two atoms have overlapping distributions. When a quantum charger is placed in
sublattice A, the bound states emerge in sublattice B, allowing the quantum battery in sublattice

B to be charged.

the majority of energy from the quantum charger is successfully transferred to the quantum
battery. Conversely, to the right of this boundary, energy transmission is nearly completely
obstructed. Additionally, we also observe that at d = —1 and d = —2, their intersection point
of phase boundaries (¢; and ¢5) have shifted, thereby greatly expanding the parameter region
for the optimal energy transmission, i.e.., the region to the left of phase boundary ¢; where the
intersection point can be obtained through Eq. (3-11). At the critical point 6 = —1 where the
intracell hopping is absent, the quantum battery and the quantum charger become completely
decoupled as long as |d| > 1, which results in a complete blockade of energy transfer from
the quantum charger to the quantum battery. However, as ¢ approaches but does not reach the
critical point, energy from the quantum charger can be transferred almost completely to the
quantum battery, irrespective of the atom-bath interaction strength, as depicted in the insets of
Fig. 3.2(d). To deepen physical intuition, Figure 3.3 shows that the distribution of the edge
states is determined by the dimerization parameter ¢ and the placement of the atoms. Only
when the quantum charger and quantum battery are placed in different sublattices and in a

topologically non-trivial phase can photons be perfectly transmitted.
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Figure 3.4: Panel (a) shows how dissipation « affects the time-dependence of the ergotropy
W (t) of the quantum battery varies over time with the other parameters set to g/J = 0.1,
0 = —0.26, A = 0, and d = —1. When the quantum charger and the quantum battery are
placed in the same unit cell of the sublattice, the maximum ergotropy max; [V (co)| varies as a
function of § and g as shown in panel (b) with the other parameters setto A/J = —Q/J = 0.5.
The white dashed curve, defined by the equation (g/.J)* = 28| v/2, depicts the boundaries
where max; [W (c0)] = 0. Here, we set « = B and § = A in (a), while in (b) both o and 3
set to A.

3.3.3 Dissipation immunity of quantum battery

As shown in Fig. 3.4(a), for QY = 0 (without direct coupling), we plot the ergotropy of
the quantum battery (3-10) as a function of dissipation x and time. We observe that dissipation
causes a decrease in the ergotropy of a quantum battery and that increasing the dissipation rate
further accelerates this decline. Specifically, when £ > 0, max; [W (c0)] = 0. For Q%% # 0,
we are surprised to find that as long as the condition A = —(2 is met, even if the direct coupling
g between the quantum charger and the quantum battery is extremely weak, the quantum battery

is still immune to direct dissipation s, = . This is evident from the analytical expression

max; [V (0c)] = - 80" (2 JV/10] - Ig]) (3-12)
X 0)|=——""—"7-"-" z -

' 2 (2J2]6] + ¢ ¢

of the maximum ergotropy for A = — in the long-time limit, showing that it is independent

of x. This result is only applicable to topological waveguides. For detailed derivations of

Eq. (3-12), see Appendix B.4.2.
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Physically, we reveal that when the condition A — 2 # 0 is met, there always exists a

superposition called the dark state [226]:

) = % (lesg) |9, ¢)) ® [vac) (3-13)

which decouple from the environment. Meanwhile, when the condition A + 2 = 0 also holds,
we identify a hidden non-degenerate zero-energy bound state, termed a vacancy-like dressed
bound state, also known as a topologically robust dressed bound state in the Su-Schrieffer-
Heeger model, which enhances the ability of the system to resist dissipation [227]. Addi-
tionally, in practical physical systems, disorder is inevitable and has profound effects on the
performance of quantum batteries. Notably, vacancy-like dressed bound states exhibit strong
robustness against off-diagonal disorder that does not break sublattice chiral symmetry, directly
resulting in ergotropy and demonstrating strong robustness to chiral-protected disorder. For a

detailed analysis, see the appendix B.4.3.

For Q%) + 0, the maximum ergotropy max [W (c0)] as a function of § and g as shown in
Fig. 3.4(b). The white dashed curve, described by the equation (g/.J)* = 2|d| v/2, represents
the boundaries where max W (c0)] = 0. We observe that when Q% # 0 but § = 0, the
topological waveguide degenerates into a traditional waveguide, and the dissipation immunity
of the quantum battery is destroyed. While Qﬁf‘f # 0 and 0 # 0, as g/J decreases, we discern
an increase in the maximum ergotropy, which indicates its sensitivity to the direct coupling

strength between the quantum charger and the quantum battery.
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3.3.4 Performance boost in short time of quantum battery
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Figure 3.5: (a) Charging power P (t) as a function of dissipation x and time ¢. The corre-

sponding maximum charging power max;|P (t)] varies with x as shown in (b). (c) and (d)
respectively represent the modulus |Res (z)| and the phase arg [Res (z)] of the residue at the
dissipative bound-state energies (E, 1) as they vary with x, which £, _ and E, | are repre-
sented by the blue solid line and the orange dashed line, respectively. The critical point for the
occurrence of the quantum Zeno effect is marked as kqzg. The parameters for (a) to (d) are

chosenas A = —Q =J,g/J =1,and 6 = 0.9.

To assess the performance of quantum batteries, it is crucial to consider not only the stored
energy and the ergotropy as key physical quantities but also the charging power as an indis-
pensable indicator. Since the energy storage of a quantum battery composed of a two-level
system is bounded, i.e., 0 < & (t) < we, the charging power of quantum battery inevitably
approaches zero in the long-time limit. Thus, discussions on the charging power of quantum

batteries are primarily focused on short-time regions. Following the configuration of immu-
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nity to dissipation over long-time limits, we are curious whether it is possible to enhance the
charging power by utilizing dissipation in a short time. For Q‘fg # 0, the system is known to
contain two states immune to dissipation, i.e., a dark state and a vacancy-like dressed bound

state. Furthermore, when the system is free from dissipation, two additional coherent bound

states exist as well, whose energies are Fy . = :I:\/2J2(1 +62) + 2\/g4 + J4(1 — 6)%. When
dissipation is introduced, these two coherent bound states (i.e., Im[ ;] = 0) transform into dis-
sipative bound states (i.e., Im[ F;] < 0) with imaginary energy less than zero, whose energies

are

7 9 K\ 2
Bua=—gn% B}, - (Z> . (3-14)

When k > kqze = 4|Eo 4|, we find a dramatic change in the lifetimes of the two dissipative
bound states, i.e., Im[E, .| « —k and Im[E,, | o —1/k. Here, we note that the lifetime
of the dissipative bound states with energy FE), _ is proportional to ~, and thus we may refer
to this phenomenon as the quantum Zeno effect [228]. Simultaneously, their corresponding

contribution to the residue is

—4R,FE,

2
Res (B, ) ~ =, Res(B,_) ~ Ry, (3-15)

K

where Ry = 2g*/{[Ej . — 2J? (1 +6%)] E{ . }. From Eq. (3-15), we see that the contribu-
tion of Res (£, . ) significantly decreases as « increases, while Res (E,, _ ) remains unchanged.
According to Eq. (3-14), once  exceeds kqzg, the energy of the dissipative bound states be-
comes purely imaginary. Furthermore, as x increases, the imaginary parts of the energies of
these two bound states exhibit opposite trends: one decreases while the other increases. Conse-
quently, we refer to kqzg as the critical point where the quantum Zeno effect begins to emerge.
In Fig. 3.5(c) and Fig. 3.5(d), we intuitively observe how both the modulus and the phase of
Res (E, 1) vary with . InFig. 3.5(a), we show that when « is present, the charging power P ()
exhibits a rapid periodic oscillatory decay over time. In a short time scale i.e., t ~ 7/(2|Q]),
increasing x can be accompanied by enhancing P (¢). In Fig. 3.5(b), we observe that as x
continues to increase and goes beyond kqzg, the emergence of the quantum Zeno effect leads
to a significant increase in max,[P (¢)]. In addition, it is worth mentioning that if we observe
the stroboscopic dynamics of the dissipative system at ¢ = (27Z)/|Ey +|, we should find it

nearly identical to the dynamics of a non-dissipative system. The detailed derivations in the
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subsection 3.3.4 can be found in Appendix B.4.4.

3.4 Summary and prospect

To summarize, we have developed a general framework for analyzing the atomic dynamics
of a battery-charger system comprised of two atoms coupled to a general bath. In particular,
in the single-excitation sector, we have considered a typical one-dimensional lattice exhibiting

topological properties as an environment, known as the Su-Schrieffer-Heeger model.

In the long-time limit, we have demonstrated that only the contributions from coherent
bound state energies are retained. We have pointed out that in a topologically trivial phase, the
zero-energy bound states exhibit twofold degeneracy at resonance, which results in the max-
imum stored energy approaching zero. In contrast, the maximum stored energy approaches
one in a topologically nontrivial phase, which means that the quantum charger almost com-
pletely transfers energy to the quantum battery. Moreover, we discover that the maximum
stored energy exhibits singular behavior at the phase boundary. We have also observed that the
phase diagrams have shown significant differences for different unit cell distances between the

quantum charger and the quantum battery.

Furthermore, we have discussed the performance of quantum batteries under different con-
figurations. We discovered that when two directly coupled atoms are placed within the same
cavity, the ergotropy is protected from the direct impact of sublattice dissipation due to the
presence of a dark state and a vacancy-like dressed bound state. This configuration overcomes
the environment-induced decoherence that causes energy loss and aging in quantum batteries.
Intriguingly, we have also demonstrated that with the increase in dissipation, the emergence
of the quantum Zeno effect significantly enhances the short-time performance of the quantum

battery.

A significant issue is to further explore the performance of quantum batteries in generalized
open quantum systems. As a concrete example, we will consider a one-dimensional tight-
binding model with asymmetric hopping as an environment, investigating the performance of
non-Hermitian quantum batteries through the perspective of the Hatano-Nelson model [229].

It would also be intriguing to understand the implicit relation between non-Markovian effects
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and the alterations in the phase boundary curves within our phase diagram. One may also be
interested in extending the study of quantum batteries to multi-excitation scenarios as another
direction for future research. Specifically, it would be valuable to investigate the performance
of multi-excitation [230,231] using numerical techniques such as matrix product states [232]

or hierarchical equations of motion analogs [233].
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Appendix B

Appendix for Chapter 3

This Appendix contains four parts. B.1 and B.2: Exact dynamics of a quantum charger
and quantum battery coupled to a structured bosonic environment; B.3: The dynamics of a
quantum battery in a topological environment; B.4: Quantum battery performance in different

configurations.

B.1 Thedynamics of a quantum battery in a topological bath

In Appendix B.1, we show the full derivation of the setup in Sec. 3.2.1. We explore the
dynamics of a quantum battery in a topological environment, both with and without dissipation.
We begin with a detailed discussion of the topological environment in subsections B.1.1 and
B.1.2. Next, we derive an analytical expression for self-energy in the dissipative topological
environment and demonstrate the connection between bound state energies and the long-term

behavior of the quantum battery dynamics.

B.1.1 Su-Schrieffer-Heeger model without dissipation

We choose the simplest topological model, the non-dissipative Su-Schrieffer-Heeger model,

as a topological environment. For simplicity, we employ two abbreviations o,, , = a,; and
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Figure B.1: (a) Dispersion relations ¢, , of the Su-Schrieffer-Heeger environment with pe-
riodical boundary conditions. The parameter is set to [0| = 0.3. (b) The winding number as
function of the dimerization strength 6. When § < 0, the model is in a topologically nontrivial
phase with a winding number of one. Conversely, when § > 0, the model is in a topologically

trivial phase with a winding number of zero.

Oz, = by,. By setting i = 1, the Hamiltonian of the topological environment is given by

N

N N
Hy = Z (alas +olbs) + 703 (alby + las) + -3 (lagr +aliaty) B
j=1 j=1 j=1
where a; (a;) and b; (b}) are the annihilation (creation) operators of boson on the sites a and b
at position j, respectively. The resonant frequency of these bosonic modes is w.. The topolog-
ical waveguide consists of two interspersed photonic lattices with alternating nearest-neighbor
hopping J+ = J (1 £ 0) between bosonic modes. Here, J defines the hopping strength, while
0, known as the dimerization parameter, controls the asymmetry between the lattices. Under
the periodic boundary condition (i.e. an; = a; and by ; = b;) and in the momentum space

with

Zeﬂw b — Zezw k=22, (B-2)

where n € (—N/2, N /2|, we have the environment Hamiltonian in the momentum space as

Hgn =", OLhkok, with 0, = [ay, bx], and the corresponding Bloch Hamiltonian reads

We fk
hk = = Re[fk]ax — Im[fk]ay + We0o, (B-3)

fi we
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where fr = J(1+0) + J(1 — 6)e~* = wye'* (with wy, > 0) is the coupling coefficient in the
momentum space between the bosonic modes of a; and b;. Hereafter, we set w, as the energy

reference. By simply diagonalizing hy, the Hamiltonian Hg, in Eq. (B-1) can be written as

Wi 0 UL
Hssh - Z |:7¢L]T€ llﬂ 0 = Z[wku};uk - wkl]tlk]a (B'4)

k —Wg Uk k

where uy /I, = (£ag + bre'®) [\/2, wy = J\/2(1 +92) + 2(1 — 2) cos(k), and ¢, = arctan
[Im(f)/ Re(fx)]. The corresponding dispersion relations are given by €5 . = twy,, where the
subscript + (—) denotes the upper (lower) energy band of the Su-Schrieffer-Heeger environ-

ment.

In Fig. B.1(a), we present the dispersion relation for a dimerization parameter |§| = 0.3.
The energy bands of the bath are observed to be symmetric with respect to the cavity resonant
frequency w.. The energy bands span the range [—2.J, —2 |6| J|U[2 || J, 2.]], featuring a central
bandgap of 4 |§| J. These energy bands can be adjusted by varying the dimerization strength §.
In the Su-Schrieffer- Heeger model, the topological properties of the system are characterized
by the winding number, which takes values of either one or zero, depending on the parameters
of the system. In Fig. B.1(b), we depict the winding number of the Su-Schrieffer-Heeger bath.
In the case in which the intracell hopping strength outweighs the intercell hopping strength (i.e.
0 > 0), the winding number equals to zero, corresponding to the so-called topologically trivial
phase. Conversely, when the intercell hopping strength dominates over the intracell hopping

strength (i.e. 0 < 0), the winding number is one, indicating a topologically nontrivial phase.
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B.1.2 Su-Schrieffer-Heeger model with dissipation
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Figure B.2: (a) The norm squared of the evolved state governed by the effective non-Hermitian
Hamiltonian H.g as a function of time. For a single trajectory, the occurrence of a quantum
jump at time ¢ can be determined by comparing a random number ¢; with the norm squared at
that time, as indicated by the black dot falling within the red region. (b) An integration contour
(horizontal dark blue line) to calculate Eq. (3-6). One needs to close the contour of integra-
tion in the lower half of the complex plane (dashed and vertical dark blue line) in evaluating
the integration. Here, the information including dissipative bound-state energies, branch-cuts
detour, and unstable poles, within the lower half of the complex plane is given by the effec-
tive non-Hermitian Hamiltonian described by Subsection B.1.2. At the band edges the path

changes from the first to the second Riemann sheet of the integrand ¢’(z) (brown areas).

Let us consider a realistic scenario: a one-dimensional Su-Schrieffer-Heeger photonic lat-
tice with engineered photon loss. Under the Born-Markov and rotating-wave approximations,
the equation of motion takes the form of Eq. (3-1), where Hyy, Hgg, and Hiy are given by
Egs. (3-2)-(3-4). Here, the photon dissipators of different sublattices are given by £, =
ko Y_; Dlaj] and Ly = ky Y, D[b;], where K, (k) control the photon loss rates of sublattice
A (B),and D[L]p = LpL' — {LTL, p} /2 is the Lindblad superoperator.

To find the solution to Eq. (3-1) in the single-excitation sector, we rewrite the Lindblad
master equation (3-1) as
N

N
pr = —i(Hegpr — PtHiff) + Ka Z ajpta;' + Kb Z bjptbj'a (B-5)

J=1 J=1
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where a; and b; within the last two terms are the “jump” operators associated with the lattice
dissipation resulting from emission into free space, and H. is the effective non-Hermitian
Hamiltonian for the dissipative system, i.e. Her = Hyys + HET + Hyy with HEY = Hg, —
(1/2) Zj(naa}aj + mbb;bj). In this form, the terms r, ) _; ajptaj. and £ ) bjptb;r- are often
called the recycling terms, as it recycles the population that is lost from certain states due to
the effective non-Hermitian Hamiltonian, placing it in other states. For the initial state |¢)(0))
in the single-excitation subspace, on the one hand, the time evolution under the effective non-
Hermitian Hamiltonian is given by [¢)()) = e~ |4)(0)), resulting in a non-normalized final
state with a norm squared that monotonically decreases over time, as shown by the blue line in
Fig. B.2(a). On the other hand, once the recycling terms work, i.e. when a jump process occurs,
the final state deterministically transitions to the zero-excitation state |g, g; vac). According
to the quantum trajectory method, whether a jump process occurs at time ¢ is determined by
comparing a random number §; between zero and one with the norm squared (¢(t) | (t)) =
[|e= et [1(0)) H2 Specifically, if §; > (¢0(¢)[1(t)), the jump occurs; otherwise, it does not, as
illustrated by the red and yellow regions in Fig. B.2(a).

Then, we focus on the state at time ¢ and generate /N random numbers uniformly distributed
between zero and one. For the sake of simplicity, we define N; and NV, as the counts of no-jump
and jump occurrences, respectively, where N; + No = N is satisfied. As a result, because of

the condition for the occurrence of jumps, the solution to Eq. (3-1) reads

oy = lim [9()) (W (1)] x Ny +|g. g; vac)(g, g; vac| x Ny

N—oo N (B_6)

where |1(t)) = [(t))/r/(W(t) [ ¥ (t)) represents the normalized state. Provided our random

number generators are well-behaved, these two ratios should satisfy

1

lim S Oe(),  Jim N2 =1 Jim L= 1 @OR0) = (B

N—ooo N N—o00 N—oo
Finally, by plugging Eq. (B-7) into Eq. (B-6), we have

i it
pr = [W(&)XW ()] + pi |9, g; vac)g, g; vac| = e poetlent + py |g, g; vac)(g, g; vac| . (B-8)

If the initial state is a mixed state pg, the norm squared (v(¢)[¢(t)) mentioned above should
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be rewritten as Tr[e~ it pocitlist]. Notice that Trle~tHert pyeiflit] = (1p(¢)|15(t)) when py =
|10(0))1)(0)]|. In fact, when we replace the total Hamiltonian H, in Eq. (1.10) with the effective

non-Hermitian Hamiltonian H.g, i.e. Hyg, — HET

oh» the derivation procedures from Eq. (1.10)

to pp (t) remain valid.

Therefore, we focus on studying the effective non-Hermitian Hamiltonian when we re-
strict ourselves to the single-excitation subspace. Following Egs. (B-1)-(B-4), we express the

corresponding non-Hermitian Bloch Hamiltonian as

~ —i/ia/z fk . .
h, = = Re|fi|o, — Im[fy]o, —ik_0o, — ik oy, (B-9)
f]: —il{b/Q
whose energy dispersion reads €, , = —ik £k, where 0y, = wi— k% and ki = (Ko & k) /4.

Remarkably, we find that the system exhibits a passive parity-time (P7) symmetry in the
form of o, (flk + m+00)*0z = ﬁk + ik 09 and has two exceptional points (EPs) at kgp =
+arccos[(k% — 2J%(1 + 62))/(2J%(1 — 6%))] in the Brillouin zone for 6] < |x_/(2J)| < 1.
Then, by diagonalizing l~1k, the effective non-Hermitian Hamiltonian H<T in Eq. (B-5) can be

further written as

£ff gk,+ 0 Uk, R ~ ~
HS =" lul, 1] ) = lewsul i n +é-l sl (B-10)
% 0 €r—| |lkr 2

with

1 (:Jk + ik
o]

T ZT . 1 :l:(::)k — 1k_ wk€i¢k
Uk,L/ k,L — E wk€i¢k

bk] g/l r=—= ag +

- bel, (B-11
7 o o b (B-11)

which satisfy Uk, R = Uk, L = Uk, lk,R = lk,L = lk, and gki = €+ when Rg = Rp = 0.

B.2 The calculation of self-energy in the dissipative topolog-

ical environment

To evaluate the integral (3-6), the quantity (1.16), referred to as the self-energies of two

quantum emitters, require further computation. By setting x, = x;, = 0, the dissipative envi-
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ronment can be reduced to a non-dissipative environment. For the sake of generality, we com-
pute the self-energy directly within a dissipative topological environment. Firstly, we transform

@ in Eq. (1.11) into momentum space, i.e.

Q=1g.9Xg, 9l ® Y _(al lvac)(vac|a; + b] [vac)(vac| b;)
J

=19, 9%9, 9l ® Y _ (gL Xur.r] + kL Xlko]) (B-12)
k

where |uy ) = uLL |vac), |lp.L) = ZLL \vac), (ur.r| = (vac|ugr, and (lx r| = (vac|ly g,
which satisty (v p|ur.z) = (lr|ler) = 6w and (ug rlly 1) = (lerluw L) = 0. For the
sake of simplicity, we define Q = >, (|ur.LXur.r| + |le.2Xlk.r|). According to Eqs. (1.16),
(B-2), (B-10), and (B-12), we have

G210, 72:2) = (vaclo, (2 — HiG) "ok, [vac) = (vaclo,, \Q(z — Hg)'Qol, |vac)

L. )1
— (vaclo, Z[ |Uk,;><Uk,RJ N |k,;>< k,RI~ }01 vac) . (B-13)
Cet ik —wr 2 iRy W 2P

For a = g = A, according to Eq. (B-11), Eq. (B-13) can be further written as

1 NN |Uk L)(uk R| |lk L><lk R|
G 7 ’ — ik'z1—ik" o , ) ) ) ) T//
(1,4, 2.4 2) N Z e (vacla,, L E—— + Tt i, + o a,.|vac)

kok! K
_ L eik’m—ik”xz Wrrr — Th— Wrrr + 1K _ 5k,k’5k,k”
2N k. k! k! z + Z.'%"F - (Ijk ¥ + i"i-l,- + (I)k (I)k//
_ iz (Z_{_Z'I{b/z)eik(mf:m) _ /7r %(z+ilib/2)eik(xlﬁc2) (B_14)
N z2 —w? .27 z2 —w? ’
where 22 = (2 + ir;)? + 2. Similarly, for « = 8 = B, we have
1 (2 + iR f2)eh ) / T dk (2 + i, /2@ )
G(r1.8,22B:2) = — = — , (B-15
( 1,B,+42,B ) N ; Zr21h _ W}% . o7 Zgh — wz ( )
whereas for other cases of o and 3, we have
m dk wke’ik(xl—.l’z)+’i¢k
G , 1z) = — , B-16
(214,225 %) /_7r 2r 22— Wi ( )
™ dk w eik‘(m1—x2)—i¢k
G(5B1B,9€2A;2’) :/ — = 3 2 (B-17)
’ 7 x 2T 2y — W
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By substituting the given dispersion relation, these two integrals in Eqs. (B-14)-(B-15) can be

evaluated as

Glonmnsy— [ etk
T1,4,T24;2) = 2w 22— J2[2(1 + 62) + 2(1 — 02) cos (k)]
e T
wiet 20 J2(62 = 1) (12 + 1) + [23, — 22(1 + 6]y

C(+in/2) S, pis Ol = [7:])]
Voeh — 40222 (1 + 62) + 16452

= G(w2,.4,71,4;2), (B-18)

G(xl B,T2 B % / Z + ilia/Z)@ik(xl—xz)
o 2= PR ) 20—
7{ (2 + iia/2)y"
Jyl=1 2m J202 = 1)(y2 + 1) + [z, — 2J2(1 + 0%)]y
Gting/) ¥, s pi O |7

- = G(w9,B,71.8;2), (B-19
Vo — 42251+ 07) + 16746 (@28, 71,8: %), (B-19)

where

22 =201+ 0%) £ /2h — 40222 (1 + 62) + 16462 1 >0
2J2(1 — §2)

Given f;, = wie® and f; = wpe "%, the integrals in Eqgs. (B-16)-(B-17) are evaluated as:

G(x14,20p8;2) = /7T dk J[1+ 6+ (1= 0)ek]eihlzi—22)
1,A, L2, B; 2) = _p2m zﬁh — J2[2(1 + 52) + 2(1 — 52) cos(k)]

_]{ dy  J[(L+ )y 4 (1 =)y
[yl

_1 2mi 23— J?[2(1 + 62) + 2(1 — 62) cos(k)]
_ _Jsziperxz(?jpad)@[p(l — [741)] — Gzap,714;2), (B-21)
Ve — 4J222 (1 + 62) + 16452
™ dk J1 454 (1 — §)ek)eh@—e2)
L 2m 22— J?[2(1 4 62) 4+ 2(1 — 62) cos(k)]
_ ?{ dy J[(l + Oy 4 (1= o)yt
|1 omi 22 — J2[2(1 4 62) + 2(1 — 62) cos (k)]
. iprl 2211 (Up, —0)Op(1 — |94 )]

- — > — = G(z2.4,715;2), (B-22)
VR =422 (14 62) + 1645

G(71,p,T2,4;2) =

where Fy(f,, 0) = (1+0)" + (1 —6)gp .
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B.3 The calculation of the probability amplitude for a quan-

tum battery
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Figure B.3: First row (a)-(c): topologically nontrivial phase (0 = —0.3). Second row (d)-(f):

topologically trivial phase (6 = 0.3). Panels (a) and (d) describe the bound-state energies 2y,

and its corresponding residue Res[%¢"(z), z;] as a function of the emitter detuning A. Panels

(b) and (e) describe the imaginary part of the unstable poles Im[z;] and the absolute value of

its corresponding residue | Res[¢"!(2), z;]| as a function of the emitter detuning A. Panels

(c) and (f) describe the contributions at time ¢ = 0 of the branch-cut detours Cpc x(0) as a

function of the emitter detuning A. The system parameters are g/J = 0.1, « = B, § = A,

anddle—LEQ:—l.
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To further obtain the dynamics of quantum battery, i.e. calculating the integral in Eq. (3-6),
we employ residue integration by closing the contour in the lower half of the complex plane,
as illustrated in Fig. B.1(b). Since the presence of sublattice dissipation makes the distribution
of band regions (namely branch cuts) in the complex plane exceedingly intricate in certain
cases, the following calculations will focus solely on the non-dissipative Su-Schrieffer-Heeger
environment (see subsection. B.1.1). Accordingly, Fig. B.1(b) should be slightly modified
for the non-dissipative environment as follows: (i) Dissipative bound-state energies should be

replaced by bound-state energies; (ii) The band regions should be shifted to the real axis, Re[z].

Now, let us focus on the integral in Eq. (3-6) and its integrand. Since the integrand has
branch cuts in the real axis along the regions (i.e. z € [—2J, —2|d|] U [2|0], 2.]]), where bands
of the topological environment are defined (the continuous spectrum of H,), it is necessary to
detour at the band edges to other Riemann sheets of the integrand, as shown in Fig. B.1(b). For
convenience, we use the symbol €'(z) to represent the integrand excluding the term exp(—izt).
The analytical expressions for the self-energies presented in Egs.(B-18), (B-19), (B-21), and
(B-22) correspond to the integrand in the first Riemann sheet ¢'(2). We can analytically con-
tinue it to the second Riemann sheet 4'(2) (brown areas) by simply replacing O[p(- - - )] with
©[—p(---)] in the expressions of the self-energies. As a result, the integrand in the first and

second Riemann sheets is given by

gZGI/H(I’La, Z2,3; Z) + Q?g

e = e

(B-23)

with

|z1—22|
_Zzp:j: Pyp @[j:p(l - |y+|)] _ Gl/ll(fﬂ PO Z) (B-24)
V2 — 47222(1 + 0%) + 167902 B ERE R
. JZp::t ple*m (ypv 5)@[:|:p(1 o |y+D]
V2t — 4T222(1 + 62) + 16452

GI/H(%,A,l’z,A; Z) =

(B-25)

GI/II(xl,Aa$2,B§ Z) =

... Tepresents non-dissipative environment. Here, since X§{(z) = Eflﬁ (2)

where y. = 94

and 297 (z) = £5%(z2), the denominator in Eq. (B-23) can be further simplified as
PM(2) = [z — A — @GN (210, 10 2)]% — [ + 2CVM (21,0, T2 53 2)]2, (B-26)

where A = w, — w, is the emitter detuning.
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On one hand, since the imaginary part of ¢ (2+i0") and €' (2 —:0") is nonzero in the band
regions, we should only take into account the real poles (i.e. the roots of 2'(z) = 0) of €'(z)
outside the band regions, corresponding to the bound-state energies (BSEs), and the complex
poles (i.e. theroots of 2" (z) = 0) of ¢"(2) with real part inside band regions, corresponding to
the unstable poles (UPs). On the other hand, aside from the integral path C (which corresponds
to Eq. (3-6)) and the semicircular path C'z (which vanished as the radius of the semicircle
approaches infinity, according to Jordan’s lemma), we need to add eight additional integral
paths again parallel to the imaginary axis, corresponding to the branch-cut detours (BCDs), so
that these paths form a closed loop on the complex plane, as shown in Fig. B.2(b). According
to the residue theorem, the sum of the contributions from these paths should equal the sum of

the residues at the aforementioned poles. Thus, we have

4

cp(t) = Z Res[¢"'(z), 2| e " + Z Res[¢"(2), 2| e 7" + Z Cper(t). (B-27)
2, €EBSEs 2, €UPs k=1

The last term in Eq. (B-27) represents the contributions of the branch-cut detours, which can

be computed as

Cc(t) = (=1 / S—i [P (ex = iy) = P ex — i) e, (B-28)
0

where ¢; = 2J,¢o = 2|0|,c3 = —2]|, and ¢4 = —2J. Based on the form of Eq. (B-
27), we find that the quantum bound dynamics are fully described by the contributions from
bound-state energies, unstable poles, and the branch-cut detours. Given that the integrand
in Eq. (B-28) contains exp(—yt) with y > 0, the contribution from the branch-cut detours
diminishes as time passes. Furthermore, because the imaginary parts of the UPs are negative,
their contribution also decays over time. Therefore, only the bound-state contributions survive

in the long-time limit ¢ > 1/g, i.e.

cg(00) = lim cp(t) = Z Res[¢"(z), 2| e (B-29)

t>1
/e 2, €BSEs

Next, we demonstrate how the residues of the bound-state energies, the absolute values of
the residues of the unstable poles, and the contributions of branch-cut detours vary with the

emitter detuning A in both the topologically trivial and non-trivial phases. First, as shown in
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Figs. B.3(a) and B.3(d), for topologically trivial and non-trivial phases, the number of bound
states and the corresponding residues varies with detuning in the same way, except at zero
detuning. Particularly at zero detuning, in the topologically non-trivial phase, the two non-
zero bound-state energies (their residues are close to £0.5, respectively), which are opposite
in sign, will merge into a degenerate zero-energy bound state, its residue approaching to zero.
Moreover, the contribution of bound-state energies becomes most significant only when the
detuning falls within the bandgap, and the number of bound states also increases by one com-
pared to those within the bands, except at A = 0 in the topologically trivial phase. Second,
as shown in Figs. B.3(b) and B.3(e), unstable poles appear in pairs only when the detuning is
within the bands, and the effective dissipation (i.e. — Im[z;]) is significantly enhanced in the
topologically trivial phase compared to the topologically non-trivial phase. Finally, as shown
in Figs. B.3(c) and B.3(f), the contribution from branch-cut detours at time ¢ = 0 is almost
identical in both topologically trivial and non-trivial phases and is most significant when the

detuning is near the band edges.

B.4 Quantum battery performance in different configura-

tions

Charger Battery

Figure B.4: Configuration-I: The quantum charger and the quantum battery are located in dif-
ferent sublattices, i.e. x1, = 71 5 and x2 3 = X2 4, Which indicates that the quantum charger

and the quantum battery are not directly coupled, i.e., Q?ZB =0.

To support the phase boundaries outlined in Eq. (3-11) and the maximum stored energy

described in Eq. (3-12) of Chapter 3, we provide detailed derivations and discussions in the
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following subsections: Subsection B.4.1 covers the phase diagram of quantum battery, Sub-
section B.4.2 addresses the dissipation immunity of quantum battery, and Subsection B.4.3
demonstrates how environmental dissipation can be utilized to enhance quantum battery per-

formance over a short time.

B.4.1 Phase diagram of quantum battery

Here, the definition of the stored energy for the quantum battery is given by £(t) = Tr|pg(t) Hg|,
where Hg = weaEJE and pg(t) are the free Hamiltonian and the reduced density matrix of
quantum battery, respectively. For a general system described in subsection 1, the reduced
density matrix of the quantum battery can be obtained from the steps of Egs. (1.10)-(1.19).
Then, by substituting Eq. (1.19) into & (¢), the stored energy of quantum battery is simplified
to £(t) = we |eg(t)|?. The calculation of the stored energy of the quantum battery is thus re-
duced to calculating the probability amplitude. According to Eq. (B-29), we know that in the
long-time limit, only the bound states contribute to the probability amplitude. Therefore, to
obtain the maximum stored energy max|E(o0)], we need to find the poles of the integrand in
Eq. (1.19) in the band-gap regime (i.e. the bound-state energies) by solving the pole equation
D(E;):

[E; — A = S(E)|[Bi — A — 257 (E;)] — [Q5F + 5% (B)][Q5% + S5 (E;)] = 0. (B-30)

Subsequently, we focus solely on the system presented in Fig. 3.2(a)-(d) of Chapter 3. The

corresponding total Hamiltonian is denoted as

we We
Hyy = 705 + ?ag + Hyn + g(08 0y, , + 0504, , + Hecl), (B-31)

where Hgy, 1s given by Eq. (B-1). For simplicity, we assume that the quantum charger is always
positioned on the left side of the quantum battery, which implies d = x; — x5 € Z~. According
to these expressions of the self-energies in Egs. (B-18), (B-19), (B-21), and (B-22) without

environmental dissipation (i.e. Kk, = K = 0), the pole equation (B-30) can be further simplified
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as

Q(Ez) = [Ez A gQG(ﬂh,B,xLB; Ez)]2 - [gQG(xLB, T2, A Ez)]2

=g [[1(B: - )/ + Gy (E)] =0, (B-32)
p==%
where
Gy (E;) = [G(21,8, 71,8, Bi) £ G(71,B, T2 45 )]
e EET Faa (yp, —0)|pOIp(1 — [y )] (B-33)
VA= AT2(1 4 6%) + 16740 [ _p,
which satisfies G4 (F;) = —G+(—E;) since both y are even functions with respect to z.

To solve this pole equation, we first need to analyze the characteristics of G (E;) within
the band-gap region and at the band edges. This analysis will help us determine the number
of intersection points between G+ (FE;) and (E; — A)/g?, i.e. the number of bound states.
For simplicity, we divide the bandgap into three intervals, ie. R; = (—o00,—2J), R, =
(—=2J19],2J16]), and R, = (2J,400). It is not difficult to observe that when z € R,,,
—1 <y, <0;whilewhenz €e RUR,,y. > 1.

First, we will start our analysis with the middle region of the bandgap R,,, and we have

o) = —ZEEIFunr 0] 20yl + (L+ 0y
V= 40222(1 + 62) + 16.J%62 Vet —4J222(1 + 62) + 16.J%62
= —Gz(=2), z€Rnm. (B-34)

According to Eq. (B-34), we only need to analyze the behavior of G (z) because G, and
G_ are mutually symmetric with respect to the ordinate origin, as shown in Figs. B.5(a) and
B.5(c). Additionally, we find that G (z) is a monotonic function with respect to z in the
interval R,,, i.e. [dG./dz]|.,er,, < 0. Finally, determining whether the number of bound
states can be changed abruptly depends on the behavior (divergence or convergence) of G+ (2)
at the band edges. As z — +2.J |§], the denominator of G (z) evidently approaches zero with
a behavior proportional to \/m Thus, we only need to analyze the Taylor expansion
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of Fyi1(yy,—0) at z = £2J |9], i.e.,

Fuer(We ) sars = 2008 — L5l ]+ 1) 1)~ + 1)(2716] 2 2)%)
+0[(27 18] + 2)7). (B-35)

By plugging Eq. (B-35) into G (z) in Eq. (B-34), we have

: 2z +2J(—1)46
z»lirzl?wG +2) = 2J\/1 — 2 Hlizw VAJ202 — 22 +61(d,9), (B-36)

(a)

(b)

(E—-A)/g?

/ ,

Band | Bandgap Band

Figure B.5: Panels (a) and (c) describe the difference G (E) as a function of F in the Su-
Schrieffer-Heeger environment for d = —1 and d = —2 respectively. Roots of the poles equa-
tion (i.e. the BSEs) are obtained from the intersection points between (E — A)/g? (blue solid
line) and G4 (FE) (teal and orange solid lines). Panels (b) and (d) show the number of bound
states M as a function of the dimerization parameter § and the atom-bath coupling strength g
for d = —1 and d = —2 respectively. The blue and green dashed lines are given by Eqgs. (B-

49)-(B-50). Here, we focus on a non-dissipative environment, i.e. k, = K = 0.
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where, for later convenience, we define

(_1)d+®[d]

Gi(d,0) = m[

1— (2d + 1)8]. (B-37)

For the first term on the right-hand side of Eq. (B-36), it is evident that different values of d

and ¢ yield distinctly different results, i.e.

1\d —o0o if O[(=1)%] =0,
i ZH2ICD o (B-3%)
22015 /A J20% — 22 |0 if e(-1)%) =1,
(
1\d 0 if O[-1)%] =0,
lim %&1)52< [(=1)%] (B-40)
z—2J|4| \/m \ +o0o if @[(—1>d5] = 17

which result in

(o if 0[(—1)45] =0,
lim G.(z) = (B-41)

=273 | Gi(d.0) if ©[(—1)%] =1,
(

d,5) it O[(=1)%] =0,
lim G.(z) = Gi(d,0) it Ol=1)%] (B-42)

e —o0 if O[(=1)%] = 1.

\

In addition, the difference G (2) — G_(z) also plays an important role in the analysis of the
aforementioned intersection points. According to max (i) = y|.—o = [(6 — 1)/( + 1)]5&")

and Eq. (B-34), the difference is computed as

C2J[(1 =) 4+ (1 4 0)yl]
V2t — 4222 (1 + 82) + 16452

2J(1 + 0)y S max (y, )" —y, ] for d <1,

- |d| sign(—9) (B-43)
2J(1 —6)yy [max (y) — Y4 for d>0.

Gi(z) = G_(2) = G4(2) + G4 (=2)

For given parameters § and d, within the band-gap region R,,, G (z) is consistently posi-
tioned either entirely above or entirely below G_(z), and these two functions have a unique

intersection point [i,e., G4 (0) = G_(0) = 0] only whend < —1Ad >0o0rd > 0AJ <O0.
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Second, for the other two band-gap regions R; and R,., we also have

B oy a1 |d|
Galz) = 24 JFa(y-, —9) _ 2 J(A=0)y= + (1 +0)y” ]7 (B-44)
VA= AR2(1+02) 167262 /28— 4J222(1 + 0%) + 16152

where z € R; UR,. Similarly, we only need to analyze the behavior of G (z) in one of these
regions due to G4 (z) = —G+(—z). As a consequence, we focus on the case of z € R,. We
find that G (z) both are a monotonic function in the interval R, i.e. [dG1/dz]|.er, < 0, and
the difference G (z) — G_(z) is always more than zero, i.e. G (z) > G_(z) forz € R,.. It
is evident that when z — 400, G+(z) both approach zero. As z — 2.J, the denominator of
G+ (z) evidently approaches zero with a behavior proportional to /> — 2.J. Thus, the Taylor
expansion of Fyyq(y_, —d) at z = 2.J is given by

2[6(|d| — |d 4+ 1]) + |d| + |d + 1]]
T - 0%
+o[(z —2J)2). (B-45)

N[

Fo(y—, —6)|sm20 =2 — (z—2J)

By plugging Eq. (B-45) into G4 (z) of Eq. (B-44), we have

lim G, (z) = 400, lim G_(2)=Gy(d,0) = (=15 — (2d +1)]

z—2J z—2J 2J(1 — 52> - O (B-46)

As shown in Figs. B.5(a) and B.5(c), for A = 0, we find that the critical point, where the
number of intersection points (bound state energies) between (F—A)/g? and G4 (E) undergoes
an abrupt change, occurs when the slope of the blue solid line equals the slopes of the pink or
green dashed lines. For the pink dashed line within the bandgap R,,,, according to Egs. (B-41)-
(B-42), its slope is given by

o1 91(d:0) = [=Gi(d, 9)] _ (=1)?[(2d +1)5 — 1]

k= (—1 = B-47
1= (1) 27 0] — [—2.J |4]] 4J25(1 — 62) (B-47)
Similarly, for the green dashed line, according to Eq. (B-46), its slope is given by
d, ) — [=Gs(d, 6 —1)9Ml[§ — (2d + 1
by G2(d.0) — [Ga(d.8)] _ (~1)°1[5 — (24 + 1) (B4

2J — [—2J] 42(1 — 62)
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Thus, the two-phase boundaries are given by

a1 _ (=1)°o(1 — 62)
| (—1)°(1 — 5?)
; = — =2 B-

which recover Eq. (3-11) in Chapter 3. The number of bound states changes in pairs on either
side of these two phase boundaries. Additionally, whend < —1AJd >0ord > 0Ad <0
are satisfied, the number of bound states also changes on either side of the topological phase
boundary (0 = 0) due to G.(E)|g—o = 0, but these changes do not occur in pairs, as shown in

Figs. B.5(b) and B.5(d).

Finally, let us return to the long-time behavior of the maximum stored energy, i.e. £(c0) =
w, |cg(00)|*. After analyzing the situation of changes in the number of bound states, according
to Eq. (B-29), we also need to calculate the residues corresponding to these bound states, i.e.
Res[€(z), E;]. Whend < —1Ad >0o0rd > 0A ¢ < 0, based on the above discussion, we
know that the number of bound states is odd. Among these, there must be a zero-energy bound
state (corresponding to a second-order pole), and the remaining BSEs are non-zero and occur
in pairs with opposite signs (corresponding to a first-order pole). Meanwhile, the residue of the
zero-energy bound state equals zero due to G(x; g, Z2,4; E; = 0) = 0, whereas the residues of

the other bound states are non-zero due to G(z1 g, 2 4; E; # 0) # 0; specifically,
Res[€(z), E; = 0] =0, Res[€¢(z), E; # 0] = —Res[¥€(z), —FE; # 0] # 0. (B-51)

The last term in Eq. (B-51) also holds when the above condition (d < —1AJ > Oord >
0 A6 < 0) is not satisfied. As a consequence, the maximum stored energy in the long-time

limit is computed as

max;[£(c0)] = max;, Z Res[€(2), Eye”F+

We
E1,€BSEs

2

= max Z 2Res[%(z), E;| sin(E;t)

E;>0

, (B-52)

which can reach values arbitrarily close to 4{), |Res[¢(z), E;]|}?, where E; > 0. Because
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these self-energies and their derivatives are continuous across different bandgaps (i.e. R;, R,
and R,), the residues corresponding to the bound-state energies distributed in these bandgaps

should also be continuous.

Furthermore, since dG. /dz diverges at the band-gap edges, Res|[€ (z), E;] approaches zero
when the bound-state energy F; is close to the band-gap edges. Therefore, integrating the
above discussions and Eq. (B-51), we conclude that the derivative of the maximum stored
energy (itself is always continuous), max|E(co)], remains continuous across the topological
phase boundary, while it becomes discontinuous across the phase boundaries ¢; and /5. This

corresponds to the results shown in the inset of Fig. 3.2(c) in Chapter 3.

B.4.2 Dissipation immunity of quantum battery

Figure B.6: Configuration-II: The quantum charger and the quantum battery are located in the
same sublattices at the same positions, i.e.a = f = A and x; = x5, which means that the direct
coupling interaction appears (i.e. Q‘fg = ) # 0). Here, k, and &, are the decay rate of the
sublattice A and B, respectively, and we assume that there is only single-sublattice dissipation,

i.e. ki, =k # 0and Kk, = 0.

For the configuration considered in Sec. B.4.1, as shown in Fig. B.4, regardless of the
distance between the quantum charger and quantum battery, at the appropriate parameters, the
quantum charger can always transfer almost all of its energy to the quantum battery through
the topological environment, i.e. max;[€(c0)]/w. ~ 1. However, once there is photon loss
in the Su-Schrieffer-Heeger photonic lattice, all the coherent bound states (i.e. Im[E;] = 0)

will transform into dissipative bound states (i.e. Im[E;] < 0), and consequently, all the energy
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in the quantum charger and the quantum battery will be lost in the long-time limit, which
implies max,;[£(o0)]/we. = 0. In fact, there exists another configuration with a dark state,
different from configuration-I, whose energy transfer from the quantum charger to the quantum
battery remains unaffected by the environmental dissipation, as shown in Fig. B.6. For the

configuration II, the corresponding pole equation is given by

2(E;) = [Ei — A =SB — [Q+ S (E))
—[Bi—A—-Q-2x S E)E -A+Q =0 (B-53)

with the single-emitter self-energy

22”32, pOp(1 — [7+])
k= 40222 (1+62) + 167462

Y(2) = @Glw1a,71,032) = — (B-54)
where z,, = Vz(2z + ik/2). According to the pole equation, it is evident that this dissipative
system can have at most two coherent bound states. One is an environment-independent bound
state, also known as the dark state, with energy Fg.c = A — €. The other, known as the
vacancy-like dressed bound state, appears only when A 4 €2 = 0, and has the energy F,; = 0.

Subsequently, when A = —( # 0, the residues of these bound states are computed as

O+ 2 () 1
Res[‘f(z), Edark] = W s = —5, (B-SS)
Q+ %i¥'(2) J? o]
R By = =211 %) N Ul B-
eS[Cg(Z)a vb ] d.@(Z’)/dZ B g2 +2J2 ’5| ( 56)

Besides, the dark state |t)4,) and the vacancy-like dressed bound state |1,s) can be obtained
by solving the secular equation Hgr |¢)) = E |1)). Consequently, these bound states are derived

as

1
W}dark) = E(O‘Jcr - UE) |g7 g; VaC> ) (B-57)

2J% 6 1
[Pybs) = \/ gQTJ]JW [E(Ui +08)+ Z(Cj,aaj' + Cj,bb;‘) 9, g; vac) , (B-58)
J
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Cj,a - 0,

V2g (5—1
Cj,b:_

J(1+0) 5+1) " sign(d) x Of6(z; — a1 +0%)).  (B-59)

Finally, combining Egs. (B-29), (B-55), and (B-56), the probability amplitude for the quan-

tum battery to be in the excited state in the long-time limit is given by

il LI e

= —— B_
cp(00) 12770 5¢ (B-60)

This formula shows beyond doubt that even in the dissipative environment, the energy in the
quantum charger can always be transferred to the quantum battery, particularly in the case of
weak coupling, i.e. g < J, and nearly all the energy can be transferred to the quantum battery.
The two bound states play a crucial role in the energy transfer process. Additionally, according

to Eq. (3-10) in Chapter 3, the maximum ergotropy is computed as

max, [W(00)]/we = max;[2[ep(00)|” — 1]O]|ep(00)[* — 1/2]

8J46% — g4 3
= O (23 J/|0] — . B-61
2(2J2 ‘5’ g2)2 ( J ’5‘ ’go (B-61)

We note that both of these bound states are essential; without either one, the maximum of the

extractable energy would be zero in the long-time limit, i.e. max;[W(oo)] = 0.

B.4.3 Effects of Disorder

In practical physical systems, disorder is inevitable and has profound effects on the per-
formance of quantum batteries. In this section, we will discuss in detail the manifestation of
disorder in the one-dimensional Su-Schrieffer-Heeger model and its impact on vacancy-like

dressed bound state and the performance of quantum batteries, particularly focusing on er-

gotropy.

Here, we primarily investigate the impact of two types of disorder: one that affects the free
frequencies of cavities (diagonal), and the other that affects the tunneling amplitudes between
them (off-diagonal). The former corresponds to adding random diagonal terms to the Hamilto-

nian of the bath, modifying it as Hyas, — Hyath + D j(em a} a;+ € b} bj), thereby breaking the
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Figure B.7: Panels (a-c) describe the properties of the vacancy-like dressed bound state with
and without disorder. The absolute value of probability amplitudes |c;,| are shown in blue,
while the |¢; ;| are shown in orange. Panel (a) corresponds to the model without disorder, panel
(b) corresponds to the model with disorder in the couplings between cavities, and panel (c)
corresponds to the model with disorder in the resonant frequencies of cavities. The disorder
strength is set to W = 0.5 in both cases with the disorder. For each case, the value of the
energy of the vacancy-like dressed bound state is shown at the inside of the plots, e.g., Fy,s = 0.
Panel (d) shows the maximum ergotropy max; [/ (c0)| of quantum battery for the two different
models of disorder as a function of the disorder strength /. The red (blue) dots correspond
to the average value computed with a total of 10° instances of disorder for the symmetry-
preserving (symmetry-breaking) case, and the shadow areas span their corresponding standard
deviation. The pink line represents a fit. In all plots, the system parameters are chosen to be

0=03,g=01J,A=-Q=0.2J,k, =10J, Kk, =0, and 1 = x5 = 0.
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chiral symmetry of the original model. The latter corresponds to the addition of off-diagonal
random terms, modifying the Hamiltonian as Hya — Hpat + y (€1, a} b;+ €2, b} a1+ H.c.),
which preserves the chiral symmetry. We take the disorder parameters ¢, ;/J (v = a,b,1,2)
from a uniform distribution within the range [—W, W] for each jth unit cell, where W repre-
sents the disorder strength. Additionally, we only focus on the configuration-II (see Fig. B.6)
and the maximum ergotropy. Therefore, as concluded in B.4.2, we know that even in the pres-
ence of sublattice dissipation, the energy in the quantum charger can be almost completely
transferred to quantum battery through the dissipative topological environment, primarily due
to the contributions from the dark state and vacancy-like dressed bound state, i.e., Egs. (B-57)-
(B-58). We can be confident that the dark state is unaffected by any disorder due to the unique
properties of the dark state, which decouple from the environment. Therefore, in the presence
of disorder, the changes in the vacancy-like dressed bound state are the only factor influencing

the performance of the quantum battery.

In the first row of Fig. B.7, we plot the shape of the three vacancy-like dressed bound states
for a situation without disorder and with off-diagonal (diagonal) disorder. Note that for the
situation with a diagonal disorder, although there is no vacancy-like dressed bound state, we
still refer to it as such for convenience. For the symmetry-preserving case (i.e., no disorder or
off-diagonal disorder), as shown in Figs. B.7(a) and B.7(b), we observe that the dressed bound
state exhibits a unidirectional spatial profile and has components only on sublattice B. Ad-
ditionally, compared to the clean system, in the case with off-diagonal disorder, the dressed
bound state energy remains zero, indicating that chiral symmetry ensures the presence of the
dressed bound state, with slight changes in the absolute magnitude of the component of the
bound state on sublattice 5. In contrast, for the symmetry-breaking case (i.e., diagonal dis-
order), as shown in Fig. B.7(c), we find that the state loses its unidirectional property and has
a non-zero component on each sublattice. Furthermore, its energy also becomes a complex
number with a non-zero imaginary part, i.e., Eps = —0.0016 — 0.0015¢, indicating that break-
ing chiral symmetry disrupts the presence of the dressed bound state. Consequently, for our
system, we can conclude that as long as chiral symmetry is preserved, even in the presence of
disorder, the maximum ergotropy can remain high due to the contributions of the dark state and
the vacancy-like dressed bound state. Conversely, when chiral symmetry is broken, resulting

in the disappearance of the vacancy-like dressed bound state, the maximum ergotropy drops
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to zero. In fact, the data of these orange and blue dots in Fig. B.7(c) corroborates this conclu-
sion. More importantly, as shown by the orange dots in Fig. B.7(c), we find that the maximum
ergotropy 1is strongly robust to off-diagonal disorder. As disorder strength W increases, its
average value obeys a power-law distribution, i.e., f(W) = max;[W(o0)|w—o/we. — W3/10,
where max;[WW(00)|w=o/we is given by Eq. (B-61), as indicated by the pink line in Fig. B.7(c).
Even under strong off-diagonal disorder, such as W = 1, the average value of maximum er-
gotropy can still exceed 4/5. However, as shown by the blue dots in Fig. B.7(c), the maximum

ergotropy is always zero for the symmetry-breaking case.

B.4.4 The impact of environmental dissipation on quantum battery per-

formance: Quantum Zeno effect

Before proceeding, we turn to the pole equation (B-53) and take A = —€). The pole

equation can be further simplified as

g2y, pOp(1 — [74])]

(£ ( ) Vo 4225 (14 62) + 167462 |

1+

~ 0. (B-62)

i

Apart from the two coherent bound states mentioned in Sec. B.4.2, according to the pole equa-
tion, we can also find two dissipative bound states and the corresponding energies can be ob-

tained by solving

s, = /2021 + 62) + 2/g - (1 —0)2 = By, (B-63)

where FEj 1 are the bound-state energies in the non-dissipative environment, which satisfy

P (Eo +)|k=0 = 0. The solution in Eq. (B-63) is given by

Bt = —iﬁ £ Ef . — (k/4)?, (B-64)

which represent the dissipative bound-state energies in the dissipative environment. Subse-

quently, let us analyze the dissipative bound-state contributions in a short time when x/.J > 1.
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First, following Egs. (B-55) and (B-56), the corresponding residues are computed as

O+ 2442
Res[7(2), Ey+] = Wl)l/éz)
z=Fy,
:tg4
_ (B-65)

Epx(Erx +in/4)[Ef L — 2J2(1 + 02)]

Second, when x/.J > 1, we have

By = —if {1 + \/ 1 — (4B + /m)2]

; ' 212
_ _% {14 [1-8(Eos/r) +o(x )]}~ —(1+ 1)% £ (B-66)
and the corresponding residues are given by
g4
R E.. .|~ - -
s 2(2); B (B2, — 2J°(1 + 02)](—ir/2)(—ir/2 + ir/4)
_ —8g’ (B-67)
O [ER L —2J%(1 + 82|k
gl
R E._|~ -
S Bl St P e (—aiER ) (~BEE & i)
2g*
~ : B-68
E2 —2%(1+ 8% EL (B-68)
Consequently, the contribution of the dissipative bound states can be written as
B (t) =) Res[P(2), Eyple et
p==%
—8g* exp[—rt /2] 2g" exp[—2E¢ _t/r] (B-69)

STER 2211602 (B2, —272(1 4 02 B2
0,4+ 0,+ 0,

Finally, when ¢ < &, the first term on the right-hand side of Eq. (B-69) can be ignored, and

exp|—2E§ _t/k] ~ 1 within the last term. Thus, according to Eq. (B-65), we have

4

2g
DBS (1) = B¢, B-70

where ¢, = 2n7/Ey . while c§°(t) represents the contribution of the coherent bound states

with energies £ 1 in the non-dissipative environment.
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In conclusion, as the dissipation x increases, we find that the stroboscopic dynamics of the
dissipative system revert to those of the non-dissipative system, thereby achieving immunity
to the effects of dissipation in a short time. Note that the contributions from the branch cuts

are generally small and, therefore, have not been discussed here.
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Chapter 4

Summary and outlook

In this thesis, I studied suppressing decoherence in open quantum systems. I focused on
utilizing resonance and topological effects to counteract dissipation and quantum noise. My
major contributions included preserving optomechanical entanglement through non-resonance
filtering and improving quantum battery performance via topological waveguides. Let us start

with a summary.

In Chapter 2, we have demonstrated that resonance effects between a mechanical mode
and its thermal environment can protect optomechanical entanglement. Specifically, these res-
onance effects have nearly doubled the robustness of optomechanical entanglement against me-
chanical dissipation and environmental temperature. This protection mechanism has involved
eliminating degrees of freedom associated with significant detuning between the mechanical
mode and its thermal reservoirs, effectively countering decoherence. Our approach has proven
particularly effective under conditions of both near-resonance and weak coupling between the
mechanical mode and its environment. We have also proposed a feasible experimental imple-
mentation of the filtering model to observe these phenomena. Furthermore, we have extended
this theory to an optical cavity array with one oscillating end mirror and investigated optimal
optomechanical entanglement transfer. Our study has presented a significant advancement in
applying resonance effects to protect quantum systems against decoherence, opening up new
possibilities for large-scale quantum information processing and the construction of quantum

networks.
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In Chapter 3, we have developed a general framework for analyzing the atomic dynamics
of a battery-charger system composed of two atoms coupled to a general bath. Specifically, in
the single-excitation sector, we considered a typical one-dimensional lattice with topological
properties as an environment, known as the Su-Schrieffer-Heeger model. In the long-time
limit, we demonstrated that only the contributions from coherent bound state excitations are
retained. We pointed out that in a topologically trivial phase, the zero-energy bound states
exhibit twofold degeneracy at resonance, resulting in the maximum stored energy approaching
zero. In contrast, in a topologically nontrivial phase, the maximum stored energy approaches
one, indicating that the quantum charger almost completely transfers energy to the quantum
battery. Moreover, we discovered that the maximum stored energy exhibits singular behavior
at the phase boundary. We also observed significant differences in phase diagrams for different
unit cell distances between the quantum charger and the quantum battery. Additionally, we
discussed the performance of quantum batteries under different configurations. We found that
when two directly coupled atoms are placed within the same cavity, the ergotropy is protected
from the direct impact of sublattice dissipation due to the presence of a dark state and a vacancy-
like dressed bound state. This configuration overcomes the environment-induced decoherence
that causes energy loss and aging in quantum batteries. Intriguingly, we demonstrated that with
the increase in dissipation, the emergence of the quantum Zeno effect significantly enhances

the short-time performance of the quantum battery.
In short, I outlook for the work in Chapters 2 and Chapter 3 is as follows.

In fact, the theory of resonance-dominated entanglement, discussed in Chapter 2, applies
to all interactions between light and matter [234, 235]. For instance, in the Quantum Rabi
Model [236-240], which describes the interaction between the two-level atoms (qubit) and
an electromagnetic field, I can similarly use non-resonant filtering to improve the robustness
of concurrence [31, 38,241, 242] (an entanglement measure for two qubits) against quantum
noise and dissipation. Measuring and protecting the entanglement between qubits is crucial
in quantum information and quantum computing. Observing the robustness of concurrence in
the quantum Rabi model after non-resonant filtering against quantum noise and dissipation is
also highly significant. The experimental setup for measuring concurrence can be found in

Refs [243-245].
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To extend the results in Chapter 3, I will consider the coherence charging of atomic en-
sembles to develop topological quantum batteries for practical applications effectively. First,
we extend the conclusions from the single-excitation case to the double-excitation case, where
the battery performance metric can also be elegantly solved analytically using the resolvent
method [246]. Second, we can perform numerical simulations using the matrix product states

[232] or hierarchical equations of motion analog [233] for the multi-excitation case.

Overall, controlling and suppressing decoherence in open quantum systems is fundamental
to unlocking the potential of quantum technologies. While exploring the theoretical mecha-
nisms of decoherence suppression may have a limited immediate impact on society and in-
dustry, the long-term implications are significant. Continued research and development in this
area will pave the way for more reliable and efficient quantum devices, bringing us closer to re-

alizing the transformative benefits of quantum computing, communication, sensing, etc [247].
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