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Main purpose

Elementary introduction to Hamiltonian Complexity
Basics of the Lieb-Robinson bound
Applications of the Lieb-Robinson bound (e.g., clustering theorem)

Very recent progresses
(entanglement clustering, bosonic Lieb-Robinson bound)



Elementary introduction of Hamiltonian

Complexity




Quantum Computer

|:> Much faster computer ?
— Shor’ s factorization algorithm

PW Shor, SIAM review, 1999



Google’s experiment

Random circuit sampling

Difficult by classical computers

Time

F. Aruta, et al., Nature (2019)

.

10000 years by classical computers
200 seconds by a quantum computer Sycamore by Google

53 qubits,
1,500,000,000 times faster ! qubit: quantum unit for computational use

But, random circuit sampling is useless in practical applications...
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Quantum particle

Interaction
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Can we efficiently compute properties of quantum many—body systems?



Hamiltonian Complexity

* Hamiltonian:all the information on the many—body system

d .
%W(t» = —iH |y (t)) :Schrédinger equation H: Hamiltonian

O
 How difficult is it to compute properties of a Hamiltonian? s/
(e.g., the lowest energy states) g 8

QMA complete (< NP complete in classical computation) 7—I@

In general, no efficient algorithm even by quantum computers !

A.Y. Kitaev, et.al., Classical and quantum computation. 2002



Hamiltonian Complexity

Q. In what cases can we efficiently simulate the quantum
Hamiltonian?

Computer science guantum many—body physics

Useful ???

Is it related to practically important problems, e.g., machine learning ?
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Hamiltonian Complexity

Most of the practically interesting problems (QMA class)

quantum many—body problems S
reduce _’@:
ﬂ «— Target ! ¥
T O\
Efficient algorithm ([ < i\
( ]

Practical applications (e.g., semi—definite programming)
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Semi-definite programming (SDP)

»
Vandenverghe and Boyd, STAM Review, 38(1), 49-95 (1996), GRG Lanckriet, et al., Journal of Machine Learning Research 5 (2004) 27-72,
- F. Alizadeh, SIAM journal on Optimization, 5(1), 13-51 (1995), A. d'Aspremont, et al., SIAM Review, 49(3), 434-448 (2007)

p——
= 4

—> SDP: One of the most important optimization problems

[Input] {C, A1, As,..., A} N x N Hermitian matrices [Problem] X: N x N semidefinite matrix
Constraints: tr(XA4,) <b; j=1,2,....m

{b1,ba,...,by}: real numbers
Calculation: maxy.xs=o[tr(CX)]

reduce — - Kernel-based machine learning (< support vector machine)

- Combinatorial optimization (<— operational research)

— - Principal component analysis («— data analysis, finance, biology)

Various industrial applications !

Quantum algorithm achieves an exponential speed up if quantum Gibbs sampling is
efficiently performed ! Brandao and Svore (FOCS’17) A main target of the Hamiltonian complexity !!
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Several crucial problems

t

WANTED4

Quantum Mark t | - :
., uantum Markov conjecture mathematically well-defined!

Area law conjecture 3

Various problems are

Bosonic Lieb—Robinson bound N

- . !
Finite—temperature topological order }

Quantum Gibbs sampling, SDP

| Quantum PCP conjecture, etc. Density Matrix Renormalization Group method

Quantum simulator

| SDEAD OR ALI VEZ : Fault tolerant quantum computation
| Foundation of quantum computing
i |
S Identifying the universal aspects of

| ‘
73'54‘: HRR TR T MARINEJ generic many—body systems!
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overal crucial problems

W AI Recently solved!

Quantum Markov oo

Various problems are

mathematically well-defined!

Area law conje~ .are F
Bosonic Lieb—Robinson bound A

. . :
Finite—temperature topological order }

Quantum Gibbs sampling, SDP

' Quantum PCP conjecture, etc. f Density Matrix Renormalization Group method

Quantum simulator

| SD EAD OR ALI VEZ % Fault tolerant quantum computation

Foundation of quantum computing

| |

[ B S ol : Identifying the universal aspects of
=ESIEIEEEEEES MARINE ] generic many—body systems!
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overal crucial problems

-
| W AI Recently solved!

Quantum Markov oo

: mathematically well-defined!

Area law conje~ .are E

Various problems are

Bosonic Lieb—Robinson bound \

\

| w Quantum Gibbs sampling, SDP

Finite—temperature topological order |

|
' Quantum PCP conjecture, etc. {

SDEAD OR AL

Density Matrix Renormalization Group method

P_N

A weaker version (No-Low-Energy- ™M computation
Trivial State Conjecture) has been m computing

| # proved...
}F = - = = TR Anshu, Breuckmann, Nirkhe, arXiv:2206.13228 ve rsal aSpGCtS Of
% A T T MARu v J generic many—body systems!

i 7 .l L i ; L i




Basics of the Lieb-Robinson bound




1 : Motivation
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Motivation: quantum time evolution

Schrodinger equation for time dependent Hamiltonian

d .
() = —iH (®)(t))
(1)) = Tle™ o HOM|3(0))

Time ordering operato/ Time evolution operator

T {e—if()t H(t)dt} — lim e~ H(tn) g—it H(tn-1) . ,—iLH(ts) ,—iL H(t1)
n— oo



Dimension of Hilbert space

(1/2)-spin system (nearest neighbor interaction) BN

| T LT ]
| T T T T
(i) 0000008
| T LT ]
| T LT
| T LT

e.g., H= ZJ(O',?@O’?—I—O’,?@O’?—FO’?@O';)
(1,9)

Dimension of Hilbert space=2" (n:number of spins)

—i [ H(t)dt]

Time evolution operator 7T |e : 2™ X 2™ matrix

(n = 20) 10° x10° matrix!
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Approximation of dynamics

Why is the calculation difficult?

Principle of superposition
N

a1]000- - 0) 4 a2]010--- 0) + a3|110---0) + ay

Mean-field approximation : approximate by the product state

V(1)) — [11(1)) @ [¥a(2)) @ [93(t)) @ - - @ [ (1))
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Problems

Mean-field approximation: ignoring the correlation completely

Bad precision

4 N\
Can we approximate the dynamics with good accuracy by

incorporating a “moderate amount” of correlations?
\, J

Rigorous diagonalization: taking all the correlations into account

Solvable only for small systems (~20 spins)
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Problems
Mean-field approximation: igne: We need to know how much
Bad precision correlation is generated by

the dynamics !

4 , : \
Can we approximate the dyng .is with good accuracy by

Lincorporating a “moderate amount” of correlations? )

Rigorous diagonalization: taking all the correlations into account

Solvable only for small systems (~20 spins)
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Speed limit of information propagation

Perturbation is added to the left—edge spin

[t=3] eoo0000000GC

L [t=2] eeeeoe
oy U
g
k/\ /v / —
A4 [t=1] ee@®
y~ S '
AEIINR
— = s [t=0] @
o Z‘}// e = Perturbed !
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Effective light cone ’

[Light cone in the relativity theory]
A

\S

Time

[General limit on the

information propagation] -

[Effective light cone in the non—relativistic cases]
/ A

Lieb—Robinson bound

Time




a4

Effective light cone ’

[Light cone in the relativity theory]
A

\S

[General limit on the

Time

information propagation] ! y

Information propagation is approximately
[Effective constrained in the effective light cone !

/ A

Lieb—Robinson bound

Time
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Operator spreading

(Basic question)
How fast do local operators spread over time
evolution?

B EZRAEESTLIBAE

What do you mean?
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Operator spreading

(Basic question)
How fast do local operators spread over time evolution?

Time evolution of an arbitrary operator O (Heisenberg picture)

O(t) = etOe "t = Z (z;i)'” TH, H, [E, o [[f, O]] -]

Even if the operator O is local at ¢ = 0, the time evolved O(t) is usually
non-local !

0
o
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Specific example

Hamiltonian:one-dimensional Heisenberg chain

N—1
H = Z J(U,?@O'qa_l ‘|‘0-g®0-;'g_|_1 —|_O-f®0-'f—|—1)
1=1

Let O = oZ and consider O(t) = e¥tgZe™tHt

[H, A] — 22‘](0—3{0—% o 0.5160.3) J(Uf®0f+1 +J£y®05y+1 + 07 ®Uiz+1)
\ ] |

0
Y
Including the spins 1 and 2 ®

[H,[H, Al] = 41*(07 0305 — of 050 + oVolos — olo5oy + 207 — 203)
| J

Y
Including the spins 1, 2 and 3

r N\

|H,|H,[H,...,|H,Al]] :includingthespins1,2,3,..,n
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Lieb-Robinson bound

Upper bound on the commutator norm: |||O;(¢), O,]|

Under two conditions
|0||:= Square root of the maximum
(1) Interactions are short-ra gjgenvalue of 070

hz’,j — 0 for di,j Z const.
For V [1), we have (y|0T0|yp) < [|0]?

(2) One-site energy is finitely oounaea e i=1

Z |hi |l + ||hi|| = const. for Vie A

JF#u d; ;: distance between ¢ and j

[LiEb-RObinson bou nd] Lieb and Robinson, Commun. Math. Phys. 28, 251 (1972).

1[0:(2), O5II < 110s] - |0 ||e™ (720

|-+ ||: operator norm

z z
L+ 0f ®0i )
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Lieb-Robinson bound

Upper bound on the commutator norm: |||O;(¢), O,]| |---||: operator norm
Under two conditions N-1
H=) J(of®oj,+0! @0, +0; ®07)
(1) Interactions are short-range = ,
generalize
hz’,j — 0 for di,j Z const. "
H=Y iyt 30
(2) One-site energy is finitely bounded ijEA i=1
Z |hi |l + ||hi|| = const. for Vie A
ol d; j: distance between 7 and j
[LiEb-RObinson bound] Lieb and Robinson, Commun. Math. Phys. 28, 251 (1972).

1[0:(2), O5II < 110s] - |0 ||e™ (720
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Physical meaning

The operator spreads linearly with time

1[0:(2), O4II < 04| - [|O|e™ 700

0; 0;(t) 0;

J  time evolution

vt

Contribution beyond d; ; £ vt decays exponentially with distance

It means that the speed of information propagation is finite

Why?



32

Quantum state transfer

Quantum state transfer S. Bravyi, et al., PRL 97, 050401 (2006).

Initial state Po, e.g., product state of |0) with R qubits
Unitary operation to left-edge spin A, e.g., uo =1 or wu; = |1)(0] + |0)(1|

Time evolution p(t) = U (ulpous)U; s=0or1

f H(r)dr

pi) (t) = trpe U (uf pou) U, =Te
H(7): Time-dependent Hamiltonian
Can we distinguish pfg (t) and p( () ?

<€ R >
Ae B
Ingut ‘OO O> ‘OO ’ O> Output
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Quantum state transfer

Att=0,wehave U,=1 P53 (0) = trpe (ulpous) = trpe (pousul) = trae (po)
_ D)y 0 _
The same outputs for s =0 and 1 |[pg’(t) — pg’ (t)[1 =0
If p2(t) and pi (¢) is orthogonal, i.e., [[p% (t) — p% (1)1 = 2,

we can achieve perfect state transfer.

Lieb-Robinson bound gives the upper bound

109 (1) — @I < sup  [usud, O] < e~V

Op:[|OBl=1
< it >
A * . " B
Input 00 ---0) 00 ---0) Output

Ug OT U1 p%” () or pg)(t)
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Quantum state transfer

A : -A - - | . ,Ousul = trpe (p
The amount of information transferred from A to B is (potstiz) = trp (po)

characterized by Hpél)(t) — plgo)(t) H1' which decays

i exponentially as e “¢(R=7E) |
\ The Holevo capacity characterizes the amount of information S. Bravyi, et al., PRL 97, 050401 (2006).
transfer more rigorously A. S. Holevo, Probl. Inf. Transm. 9, 177 (1973).
Lieb-Robinson vu... s the upper bound
1 0 —c(R—
165" (0) = p5’ Dl < sup  l[wuf, Op(@)]] < e~
Op:[|OBl=1

<€ R >

A P ce " B

Input 00 ---0) 00 ---0) Output

Ug OT U1 pg) () or pg)(t)



3: Derivation




Applications of Lieb-Robinson bound




Fourier transformation

Target operator () e A, = et A e !

) - /_ " @) Agdo, Ay = 3" 6(E' — E - w)(EJA|E)|E)(E]

E,E

Fourier transformation

/ / et f()dtA dw—/ F(t)

Exponentially decays in various [~ ;. ; N
fFOAR)dt = | f(t)A(t)dt
/_ T Adw = A(t) applications /_ /_

The point is how to calculate the property of f(t) appropriately



Example. Clustering theorem

Clustering theorem Py = |Eo)(Eo|, Qo=1- P,

Let |Ep) be the ground state of a Hamiltonian H.
Then, for arbitrary two operators O; and O;,
The bi-partite correlation
<E0|0103|E0> — <E0|OZ‘E0><EQ‘OJ|E0> éTarget!
decays exponentially as follows:
{Bo|0:0; | Bo) — (Bo|O:| Eo)(Bo|O5|Eo)| < 051l - O je<omsta /¢
where £ is the correlation length as & oc 1/A (A: spectral gap).



Clustering theorem

Clustering theorem Py = |Eo)(Eo|, Qo=1- P,

PyO;Qo0O; Py + PyO;Q00; Py

5 (E0|0;0;|Eo) — (Eo|O;| Eo) (Eo|O;| Eo)

Spectral decomposition

O — /OO PQf(W)[(OZ)wOJ + Oj(Oi)_w]deO,

(approximate) Fourier transformation

A 4

O ~ / Py f(1)[0:()0; + 0,04(—1)|dw Py,



Clustering theorem

Clustering theorem Py = |Eo)(Eo|, Qo=1- P,

PyO;Qo0O; Py + PyO;Q00; Py

O =
2

(E0|O;0;|Eo) — (E0|O;|Eo) (Eo|Oj|Ep)
Spectral decomposition

. Fw)
O — / Pof()[(0:)00; + 0;(0s)_o]dwP, ?

(approximate) Fourier transformation

®
S 4

O ~ /OO Pof(t) [Oz(t)O] — Oqu;(t)]deo,



Clustering theorem

Clustering theorem Py = |Eo)(Eo|, Qo=1- P,

PyO;Qo0O; Py + PyO;Q00; Py

5 (EnlO;0i|En) — (EnlO;| En) (Eo|O;|Ep)

O =

~

f(t) e—c(t/m)® 1 free parameter
Spectral de
Precision error € = ¢ %) A=FE, — E,

o- [ " Ryf(w)[(0

[0 < e @) (o< di )

] Hastings and Koma, CMP 265, 781 (2006).
Fourier transrormas [

0 A=F —E

A 4

O ~ /OO ng(t)[oz(t)O] — OjOi(t)]dCUPO,
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Recent application of the Lieb-Robinson
bound




Basics of the quantum entanglement
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Definition of bipartite entanglement

One dimensional chain

{51032, | {ls2)}2 2,

o|| o o
I
N7 spins || N5 spins

oN1 oNV2

General states: [¢¥) = > ) g, .,ls1) @ |s2)

s1=1s9=1
Zero entanglement Decomposed to product state

V) = |P1) @ |P2)



How to judge?

Entangled state: e.g., L(\O, 0) +1]1,1))

V2

Non-entangled state:e.g.,

(Bell state)

0,0)

Then, how about the following two states?

0,0) +10,1) + 10, H(H)I1, 1) [0,0) +10,1) 40, 1)(-)[1, 1)
2 2




How to judge?

Entangled state: e.g., L(\O, 0) +1]1,1))

V2

Non-entangled state:e.g., |0,0)

(Bell state)

Then, how about the following two states?

0,0)4+10,1) +10,1) +[1,1) ~ [0,0) +10,1) +]0,1) —[1,1)
2 2

\ ) \ )
| |

Non entangled Entangled

L0 10+ (R g+ B o)

NG NG VARG




Schmidt decomposition

An arbitrary quantum state can be decomposed as follows:

oN1 o2

Z Z Qgq, 82|31 Y |82>

81—1 82—

20
s=1

I1>A 22X > Agng 20

V)

Orthonormal states for system 1 Orthonormal states for system 2



Schmidt decomposition

An arbitrary quantu If there are no entanglement

S M =1 A= A5 == Agwg =0
_ N\ 1) = |¢11) @ |¢P21)
V)= ) o
s1=1s

2N
s=1

I1>A 22X > Agng 20

Orthonormal states for system 1 Orthonormal states for system 2



Schmidt decomposition: derivation 1

4

Base conversion for system 1: U

UW[s1) =Y Uy 181)

Base conversion for system 2: [7(2)

U |sy) =Y U2, |sh)

e.g, UD= <1/\/§ 142 )

1/N2 =142

U®10) ==(]0) + (1))

UD|1) =+=(]0) - [1))

We want to find appropriate base conversions
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Schmidt decomposition: derivation 2

Base conversions for the systems 1 and 2

2N1 N2

UV @UPNy) = Y assUWs) @ UPs)

81:1 82:1

1 2
= 3 Y UL (Pl @ I

/ /
81,85 $1,52

We can regard it as 2Vt x2M2matrix

Matrix elements {as, s, } : converted by matrices [UV]* and U(®)
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Schmidt decomposition: derivation 3

UM and U® : Singular value decomposition for 1, s, }

Z Us(ll,)S'l&SLSQU@) 1= )‘8’1 53’1,3 8/1 < omin(Ny,Nz)

! 9
82782 2

51,82

UD @U@y = 3" ST UM 0, WUL, |81 @ |sh)

s7,586 51,52

2min(N1 7N2)

— Z )\S/|S/> &) |S/>

s’=1
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Schmidt decomposition: derivation 3

[U(l)]t and U® : Singular value decomposition for {0431,82}

For arbitrary mXn matrix A, there exists a
decomposition as

UM @ U® |y) = Z ‘ A=UDA U@

/ /
81559 S

U®: mxm unitary matrix
U@): nxn unitary matrix

A: mXn diagonal matrix
2min(Nl ,

7

— Z )\S/|S/> X ‘S/>

s’=1
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Schmidt decomposition: derivation 3

UM and U® : Singular value decomposition for 1, s, }

Z Us(ll,)S'l&SLSQU@) 1= )‘8’1 53’1,3 8/1 < omin(Ny,Nz)

! 9
82782 2

51,82

UD @U@y = 3" ST UM 0, WUL, |81 @ |sh)

s7,586 51,52

2min(N1 7N2)

— Z )\S/|S/> &) |S/>

s’=1



Schmidt decomposition: derivation 4

UM and U® : Singular value decomposition for 1, s, }

UL U(2)|¢> — S: S: Us(ll,)s,lozsl,SQU(z) ,151) @ |s5)

52,589

/ /

2min(N1 ,N9)
= > ashels)
s'=1

omin(Njp,N2) 2No

|¢> — Z AS’U(l)T‘S/> ® U(Q)T‘S,> = Z As’¢1s> ® ‘¢2s>
s=1

s’'=1



Entanglement entropy

Schmidt decomposition: [¥) =) Asléws) ® [d2s) N = min(Ny, Ny)

s=1

{Is1)}% 2 | {20342
-

N1 spins " N5 spins

Zero entanglement
AM=1 d=X==Xv=0— 5(1p) =0
Maximally entangled

A==z == dgn, =27 %2 — S(1h) = Ny



Entanglement entropy

2o
Schmidt decomposition: [¥) = > A1) @ [¢2.) No = min(Ny, Na)
s=1
{s1)}2 2, | {s2)}%,2,
-
N7 spins " N9 spins

E() == Allog A2

Zeraentanglement




Entanglement in mixed state

Any mixed state p = infinite patterns of decompositions

p= Z 4514451 = z pildi )¢l p= Z Vo %) 1vp {I;)} : arbitrary orthonormal bases
J J J I
Jo71%;) > Iyl =1
J
Quantum entanglement in mixed states

p is not entangled There exists a decomposition such that all the
decomposed states are product states

Entanglement of formation Ex(p) = inf{pj’qu} z Dj E((,bj)
J

No established method to analyze the entanglement in mixed states...



Motivation




Macroscopic quantum entanglement

I\/Iacroscopic quantum effect at non-zero temperatures

Superconductivity, superfluidity, Bose-Einstein condensation

I\/Iacroscopic entanglement at non-zero temperatures

Entanglement is fragile to thermal noise

= Long-range entanglement
* Macroscopic superposition

Q. Can the macroscopic
entanglement exist at room
temperature?




Macroscopic quantum entanglement

I\/Iacroscopic quantum effect at non-zero temperatures

Superconductivity, superfluidity, Bose-Einstein condensation

The answer is yes, for long-range entanglement

MaCFOSCOpiC entar 4D: exists in Toric code model
M. B. Hastings, PRL 107, 210501 (2011)

Entanglement is fragile to 3p- controversial

S. Bravyi and J. Haah RRL 111, 200501 (2013) | | |

* Long-range ent”  1p_7p: probably no.

n Macroscopic _¢ 0. Landon-Cardinal and D. Poulin RRL 110, 090502 (2013)
‘ A. Lucia, et al., TQC2021.

Q. Can the macroscopic T 1T 1 1 1 1

entanglement exist at room L L [ [ | eee———
temperature?



Form of long-range entanglement

A known example in 4D Toric code M. B. Hastings, PRL 107, 210501 (2011)

Long-range entanglement exists as a topological order

Topological order is inherently a tripartite correlation

Kitaev and Preskill, PRL 96, 110404 (2006) K. Kato, F. Furrer, and M. Murao, PRA 93, 022317 (2016).
Levin and Wen, PRL 96, 110405 (2006)

Mathematically rigorous that long-range entanglement only exists as (more
than) tri-partite correlations?

[Conjecture]

In arbitrary qguantum many-body systems at non-zero
temperatures, bi-partite entanglement necessarily decays to zero

with the distance.



Set up and obtained results




Set up: quantum Gibbs states

Many-body Hamiltonian (z particles, Spatial dimension: D )

H=> hij+) h
1

i,jENA i= A: total system

Generalized to arbitrary k-body interactions including long-range interactions

Interaction h; ;
Quantum Gibbs state

e hH u
,0,3 = 7 ) Z = tr(e_ﬁ )

Reduced density matrix, A U B

pp.ap = trc(pp), C=A\(4B)




Entanglement measure

Entanglement measures: Relative entanglement entropy

V. Vedral et al., Phys. Rev. Lett. 78, 2275 (1997)

Er(p) = inf_S(pllo)

occSEP Set of non-entangled matrix = SEP
. Other entanglement measure
— <
agSlEP ||P OH 1= ZER(’O) (e.g., entanglement of formation)

Pinsker’s ineq.

PPT relative entanglement: ER""(p) = UeiglfDT S(pllo)

Set of matrices p s.t. p’t = 0 : PPT (Positive
partial transpose)

ER""(p) < Er(p)

K. Audenaert et al., Phys. Rev. Lett. 87, 217902 (2001)
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Mathematical formulation of the conjecture

Reduced density matrixon A U B Interaction ., ;

e PH u
pp=—F—» Z=tr(eF)

pp.as = trc(pp), C=A\(4B)

[Conjecture]

For arbitrary Hamiltonian, the entanglement between A
and B decays exponentially with the distance:

Er(pg,ag) < Poly(|Al,|B])e ®/5s $g = Poly(B)
[Weaker conjecture]

ER"" (pp.ap) < Poly(|4l,|Be "/ $p = Poly(f)



Previous works

(B:inverse temperature)

High-temperature: B < S, Interaction /2i,;
[Exponential decay of operator correlation]
<0AOB>pB - (0,4)%,(03)% < min(|4|, |B|)e R/¢8

(0),, = tr(pg0), $p=0(1)

M. Kliesch, et al., PRX (2014). Frohlich, et al., J. Math. Phys. (2015).

[Exponential decay of mutual information]  kuwahara, Kato and Brandao, RRL (2020)

log.a5 — Pg.a ® pps|| < min(Al |B)e R/¢s

Exponential decay of quantum entanglement

1D case, better results
Bluhm, Capel and Hernandez, QIP 2022, $p = e%P) forvp



Previous works

(B:inverse temperature)

High-temperature: § < B, Interaction i,

[Exponential decay of operator correlatimnt . O0—O0—0"0-"0"0"00—0—0—

(0a08)ps —(0ady{05),, < min(| At high temperatures, the
(0),, = tr(pp0), &=0(1)  conjecture has been proved

M. Kliesch, et al., PRX (2014). Frohlich,etal . _______

[Exponential decay of mutual information]  kuwahara, Kato and Brandao, RRL (2020)

1og.458 = Ppa ® pps|| < min(lAl |B)e /e

Exponential decay of quantum entanglement

1D case, better results
Bluhm, Capel and Hernandez, QIP 2022, fﬁ = e%# for VB



Low-temperatures

(B:inverse temperature)

. hIL .
Low-temperature: f = [, Interaction /i,

Phase transition can occur

Clustering of correlations no longer holds

There still exists strong restrictions

[Thermal area law] M. M. Wolf et al., Phys. Rev. Lett. 100, 070502 (2008).
Kuwahara, Alhambra, and Anshu, Phys. Rev. X 11, 011047 (2021), QIP2021

[Belief propagation]  \; B Hastings, Phys. Rev. B 76, 201102 (2007).

It is highly non-trivial on what kinds of non-locality are strictly prohibited

Can we still prove the clustering of qguantum entanglement?



Main results on EX*T (p4p)

Reduced density matrix, A U B Interaction h; ;
e BH |

/=t —BH
Z r(e )

Pp =

pp.as = trc(pp), C=A\(4B)
[Theorem, for 1D]

ERPT (pp.ap) < (Al +|B)e™"/%k

&g = 0(B?)

[Theorem, for 2D-]

E}I;PT (pﬁ,AB) < eo(|A|+|B|)e_R/EB

$p=0(pB)



Main results on EX*T (p4p)

Reduced densitv matrix. A U B

e~ PH

Interaction h; ;

ps=—— Can we improve it to SO Des

T T T ] ]

Er(Pag) ? 1\ (45) D000 E ]

AL L LT T B

[Theorem, for/ | perw | [ [ [ ]

B

EPPT(ppas) < (Al + |B])e~%/%8 Can we improve (|4, |B|) &8
£5 = 0(B?) dependence to polynomial

form?
[Theorem, for 2D-]

ERPT (ppap) < eOUAIHIEDo=R/ig

$p = 0(B)



Main idea: Quantum correlations

Convex roof of standard correlations

QCP(OA, Op) = inf{pi,pi} Z Di |Cpi(0A' Op)| P = Zpi Pi
[

Cp(OAr Op) = <0A0B>p - <0A>p<OB>p



Main idea: Quantum correlations

Convex roof of standard correlations

QCp(OA; OB) = inf{pi’pi} Z Dj |C,Oi(OA' OB)l p = zipi Pi
i

Cp(OA» Op) = <0A0B>p - <0A>p<OB>p

Relation to Entanglement of formation
EF(pAB) = inf{pi,pi} z Zpl Ipi (A B)

|Cp'(0A; OB)lz
1,.(A:B) = :
P 2[10411% - 110g 112

QC,,,(04,0p) <2[|04]| |108||VEF(pap)



Main idea: Quantum correlations

Convex roof of standard correlations
QCy (04, 0p) = infgy, p3 Z Pi 1Cp; (04, 0p)| p= Z e
‘ C,(04, 05) = (040p), — (0a),(05),

pPap is not entangled — QC,,.(04,05) = 0 for VO,, 0p
Pap = z PiPiap St Piag = Pia @ Pis

[Conjecture] the converse is true.

QC,,5(04,0p) =0 for arbitrary pairs of O4,0p R pAB is not entangled.
(,OAB € SEP)

We can at least prove
QC,,5(04,0p) =0 for arbitrary pairs of O4,0p — pap € PPT.



Main idea: Quantum correlations

Convex roof of standard correlations

QCP(OA, Op) = inf{pi,pi} Z Di |Cpi(OA' Op)| P = Zpi Pi
l CP(OA’ OB) = <0AOB>p — <0A>p<OB>p

pPap is not entangled — QC,,.(04,05) = 0 for VO,, 0p
Pap = z PiPiap St Piag = Pia @ Pis

[Conjecture] the converse Quantum correlation is
QC,,,(04,05) = 0 for arbitrary pa CcONNEcted to PPT condition!

We can at least prove
QC,,5(04,0p) =0 for arbitrary pairs of O4,0p — pap € PPT.



Main idea:

Exponential decay of quantum correlations

[Theorem]

For arbitrary Hamiltonian and arbitrary temperatures, the entanglement
between A and B decays exponentially with the distance:

C,. ..(04,05) = O(JA| + |B|) e R/%8
Q PB,AB( 4, Op) (4] +1B1) $p = 0(B) Lieb-Robinson bound is a key tool

Natural extension of the clustering theorem at high temperatures

From the above theorem, we can say

QCPB,AB(OA’ OB) ~0 for R>»1 infO-ABEppT”p‘B’AB — O'AB”l ~ 0

QCpAB(OA' OB) = 0
— PAB € PPT

E}?PT (PB,AB) = infaABEPPTS (PB,AB|UAB)

Main theorem



Main idea:

Exponential decay of quantum correlations

[Theoreml

For arbitrary | If we can achieve the improvement as

between A ar
QCPAB(OA’ OB) =0- PaB € SEP

QC (OA)‘ - .
= we will be able to prove >n bound is a key tool
Naturall _
inf,, csep||Ppap — GAB||1 ~ 0
From th\— AN W V . TV WUl l uuy
QCPB,AB(OA’ OB) ~ 0 fOF R>1 infO-ABeppT”p‘B’AB — O'AB”l ~ 0
QCpAB(OA» Og) =0
— PAB € PPT

E}?PT (p,B,AB) = infaABEPPTS (PB,AB|UAB)

Main theorem



Other relevant quantities

Another qua ntum correlation Malpetti and Roscilde, PRL 117, 130401 (2016).
Frerot and Roscilde, Nature Commun., 10, 577 (2019).

QC;ga)(OA» Op) = tr(p0,0p) —tr(p*~*0,p*0p) (0 < a < 1)

QCp (04, 0) < min(|9A, 18B]) e™F/%
Clustering theorem $p=0(B)

Relation to macroscopic superposition

[Wigner-Yanase-Dyson skew information]

LY () = w(pk®) — ('™ Kp°K), K = Fien O,

Clustering theorem (a) (K) = Z QC(a) )
u J

Ip(;‘)(K) < 0(63) n=0(B")n v



Other relevant quantities

Relation to macroscopic superposition

[Wigner-Yanase-Dyson skew information]

V(K = tw(pk?) —tr(p ™" KpK), K = Tien O

1,52‘)(1() < 0(5'13)) n=0(B")n

[Quantum Fisher information]
2(A; — A;1)?
Fy(K) = L7 (K [)17 p = ZA 12)
— /1] + /1],
1]

F, (K) < 21572 (K)
S. Luo, Proc. Am. Math. Soc. 132, 885—-890 (2004).

F,, (K) < 0(B°)

(n : system size)



Other relevant quantities

Relation to macroscopic superposition

[Wigner-Yanase-Dyson skew information]

V(K = tw(pk?) —tr(p ™" KpK), K = Tien O

I(“) (K) < 0(5B) Quantum Fisher information is a measure for
macroscopic superposition

[Quantum Fisher info Frowis and Diir, New Journal of Physics 14, 093039 (2012)

2(/1]- = As long as 8 = Polylog(n) , there are no macroscopic
1. 4 superposition in quantum Gibbs states
i ;
1/2
F, (K) < 21572 (K)
S. Luo, Proc. Am. Math. Soc. 132, 885-890 (2004).

TP(K) =

F,, (K) < 0(B°)

(n : system size)



Proof technique: Clustering of quantum

correlation

QC (04, 05) = tr(p0,405) — tr(p*~0,p*05) (0 < &t < 1)

QCp (04, 05) = f 9oz tr(pgl04(t), 05]) dt

Fourier transform technique

2mm|t|

Gap(® = —1p ) sign(®)e” P
m=1

(_1 4 g—2miam sign(t)) 0<a<l)

e—2mm|t|/B
-1
<|ga,,8(t)| = 218 1 — e—2nm|t|/ﬂ>

() —R/¢&
C 04,0-) < min(|0A|, |0B B
( A B) 1 (| | | |)€ fﬁ 0(B)

Lieb-Robinson bound



Summary

Conjecture on the bi-partite entanglement:

Er(ppap) < Poly(|Al,|B)e R/5s &g = Poly(B)

We prove a weaker statement

1D : ER" (pg.ag) < (1Al +|BDeR/%s 2D—: ERFT (ppap) < eCUAI+IEDg=R/Sp
&g = 0(B%) $p=0(B)

QCp(OA' OB) = inf{pi,pi} Z Di |Cpi(0A' OB)l
QCp; 15(04,05) = O(IAl + [B) e™®/%8 &5 = 0(B)

Wigner-Yanase-Dyson skew information, Quantum Fisher information

Iy () <0B”)n,  F,,(K) < 0(B”)n tr(p040p) — tr(p'~*0,p*0p) < min(|0A|,|9B) e~*/5¢



Recent progress for Bosonic Lieb-Robinson bound
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Two condition for the Lieb-Robinson bound

Two conditions for the quantum many—body systems

(1) Interaction is short range

(2) Energy per one particle is finite

Ci

Speed of the information propagation is finite

L

Cold atom experiment
(C. Chiu/Harvard University)
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Two condition for the Lieb-Robinson bound

Two conditions for the quantum many—bodv svstems
[Long—range interactions]

(1) Interaction is short range Recent progress
Chen and Lucas, PRL 123, 250605 (2019).

¢
Kuwahara and Saito, PRX 10, 031010 (2020) 4
Tran, et al., PRX, 11, 031016 (2021) 4

(2) Energy per one pa rticle is finite Kuwahara and Saito, PRL 126, 030604 (2021)
Tran, et al., PRL, 127, 160401 (2021)

& = w

21924

@; }\3 [interacting Bosons] ' 5 E a‘.

v

L‘. Ubiquitous in cold atom

((;\/ experiment
Q

— Notoriously difficult !

Speed of the information propagation-isfinite Gold atom experiment
(C. Chiu/Harvard University)
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;'%E Bosonic Lieb-Robinson bound

* Existence of examples with an infinite speed limit
J. Eisert and D. Gross, Phys. Rev. Lett. 102, 240501 (2009). QIP’09

Need to consider natural cases. But, what is “natural” ?

Mathematics for the bosonic Lieb—Robinson bound is scarce...

N. Schuch, S. K. Harrison, T. J. Osborne, and J. Eisert, Phys. Rev. A 84, 032309 (2011). QIP’11

7. Wang and K. R. Hazzard, PRX Quantum 1, 010303 (2020)

Our goal: establishing Lieb—Robinson bound for Bose—Hubbard model

Partial success T Kuwahara, et al., PRL, 127, 070403 (2021), Yin and Lucas, PRX, 12, 021039
(2022), Faupin et al., PRL, 128, 150602 (2022)



New Result

 Complete solution: optimal form of the effective light cone

Speed of information propagation .
1ime

C e : : A R xt

Accelerating in high dimensions | '

! / Particle transport
I 4

4 IV

boson interaction boson hopping




New Result

 Complete solution: optimal form of the effective light cone

Speed of information propagation

Time
Accelerating in high dimensions 1 p R xt
! / Particle transport
/ Clear difference between tD
} ¥o . .
" boson and fermion (or spin)

|
systems dimension)

4 IV

boson interaction boson hopping




e Gate complexity of guantum simulation Kuwahara, Vu and Saito, arXiv:2206.14736

How many elementary quantum gates (e.g., CNOT, Hadamard,
Phase shift gates) are sufficient to implement the quantum

TR (R (R




Quantum dynamics by the Bose—Hubbard
—th (N

model e system size, D: spatial

dimension)

Kuwahara, Vu and Saito, arXiv:2206.14736

Sufficient number of quantum gates
up to an error & s (e.g.,, CNOT, Hadamard,

nplement the quantum

_TIS—H 1
L@l

NtP*1polylog(Nt/e)

TR (R (R




Future research

There are many other important problems !

 Quantum Markov conjecture — Quantum Gibbs sampling, SDP
 Area law conjecture — Density Matrix Renormalization Group method
¢/ Bosonic Lieb—Robinson bound — Quantum simulator

* Finite—temperature topological order — Fault tolerant quantum computation

 Quantum PCP conjecture — Foundation of quantum computing

Future direction:
* Experimental observation of bosonic Lieb—Robinson bound

(discussing with Fukuhara TL in RQC)
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Supplemental slides (quantum circuit)




Quantum circuit and unitary operation

Operations of Quantum computer: unitary map H — H

Input: 0 — [J |— UpUT — measure [—> Output

Quantum gate

Quantum gates: composed of three basic quantum operations

Hadamard gate, (n/8)-phase gate, Controlled NOT gate

Computational time of the quantum computer

> Necessary number of the basic quantum gates



CPTP map

(Completely Positive and Trace Preserving)

The most general operations on the quantum computer

Input + ancilla qubits:

pOp — U —Ul(pepUl —y tig — 7(p)

Quantum gates Discard the
ancilla qubits

7. Completely Positive and Trace Preserving (CPTP) map
7(p) = 0, tr(r(p)) = tr(p)

CPTP map

= Class of the operation which can be deterministically

implemented by the quantum computer
Steinspring’s dilation theorem (1955)




Supplemental slides
(Clustering of quantum correlation)




Decomposition of mixed state

Any mixed state p

P= Zﬂj lllj)(ljl - ijlqu)(%l P = Z]:\/ﬁ ||:’bj)<¢f|\/'5 {|1,bj)} : arbitrary orthonormal bases

N

Quantum correlation and cluste; !f we simply choose |1/’j> as a product state,
{ |¢j) =.\/P |l/)j> } : METTS ensemble

0C,(04,05) = infip,py Y 1i1Cy,(0a, 0 |
l. S. R. White, Phys. Rev. Lett. 102, 190601 (2009)

How to find the optimal base {|1,bj>} ?



Choice of the decomposition

Any mixed state p

P= Zﬂj 12,21 = prlqu)(d)fl P = Z‘/'E |I:’bf)<¢f|‘/'5 {I;)} : arbitrary orthonormal bases
JPil%))

Expectation value (q5j|0|(/5j>

1 2y/Ashs:
(®;]0|d;) = Z—W(tp,-l{p, Lo}|1)) Lo = Z otz Msl012:) 1200

If [LOA,LOB] = 0, we may choose {|1/Jj>} as simultaneous eigenstates for L , Lo,

aq,j: eigenvalue of L
<¢j|0A|¢j><¢j|OB|¢j> = G707 a, j: eigenvalue of 130:



Choice of the decomposition

Any mixed state p

P= Zﬂj lllj)(ljl - ijlqu)(%l P = Z]:\/'E ||:’bj)<¢f|\/'5 {|1,bj)} : arbitrary orthonormal bases
JPilo))

Expectation value (q5j|0 Can we have

1 ($;10405|p;) = ay;a,;?  NO
(p;l0|p;) = 2—m(¢j|{Pr£o1 .

S,S

If [LOA,LOB] = 0, we may choose {|1/Jj>} as simultaneous eigenstates for L , Lo,

@, j: eigenvalue of L
<¢j|0,4|¢j><¢j|03|¢j> = (4,43 az’j-: eigenvalue of LO:,



Choice of the decomposition

Any mixed state p

P= Zﬂj 12,21 = prlqu)(d)fl P = Z‘/'E |I:’bf)<¢f|‘/'5 {I;)} : arbitrary orthonormal bases
JPil%))

Expectation value (q5j|0|(/5j>

1 2y,
(#jl0]¢;) = Z—W(tp,-l{p, Lo}[;) Lo = Z otz Asl01A) 1A

!/

If [LOA,LOB] = 0, we may choose {|1/Jj>} as simultaneous eigenstates for L , Lo,

1 ~ - aq,j: eigenvalue of Ly,
(0/0405|¢)) = asjaz; + Z(‘Pil[p Y2Lo,p % p 2 Logp™ V2 |0b)) a,, ;: eigenvalue of Lo
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Upper bound on quantum correlation

Any mixed state p
Under the assumption of [LOA, LOB] =0,

p = ZA 12, {2 —Zp,lq we upper-bound s
QCp (04,0p) = lnf{p Pil ZPL |C (OA Op)|

1
Expectation value (¢| < llp™"2L0,p"% p* Lo, p~2||

1 s7ts!
<¢j|0|¢j> = 2_p_<1/1j|{,0»£0}|1/)j> ) ‘ + 2 (45101457} As KAy | aq,j: eigenvalue of L, ,
J S S/ )

! .
S a,, j: eigenvalue of Ly,

If [LOA,LOB] = 0, we may choose {|1/Jj>} as simultaneous eigenstates for L , Lo,

1
(010408|0;) — (1104|D;)(D;|08|;) = 7 ([P /% Lo,p"%, p 2 Lo, ]| b))



Upper bound on quantum correlation ™

In general, we don’t have [LOA,LOB] = 0 for non-commuting Hamiltonians

Construct approximate ﬁOA, ZOB' s.t.

22,

[fo, Eo,] = O, Lo= ) T Gsl0 A
S,S

iy <6 L,. —L )
”LOA LOA” = Y1 ” Op OB” = Y2 pzz/lj |Aj></1j|
J

If we can find above operators, we can derive

1
QC,(04,0p) <281 +26; + 818, + 1 [p~Y2Lo,pY% p*?Lo,p /2|

For p = pg, the Lieb-Robinson bound plays key roles in the error estimation!
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Application of Lieb-Robinson bound

Describing L using the time evolution with pg = >3 4; |/1j>(/1j|

2./ A A, °° 1
Lzz 2101212 /15,:] D0 (t)dt -
o= D i WO = [ 00w 0= gt
Describing pp*1/2Lypp+1/? using the time evolution
pptt2Lopptt/? = j 9p.+(DO()dt 9p.+(t) = 6(6) + S sinh(mt/f)
B B o

Lo, Loy, pﬁ“/ZLOApﬁil/z, pB“/ZLOBp[;il/Z . quasi-local operator P /OB \

0(B), :

Loy, Loy : approximately commute i

pg 2Ly, ppt?, ppt2L, pptt/?: approximately commute
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Application of Lieb-Robinson bound

Describing L, usit
By applying these approximate commutability to

Lo = Aty (/1 |C 1

7 A QCp;(04,0p) <28, +26;+8,16; + 1 I[eg=Y%L0,ppY% P *Lo,ps~V?]|

Describing pgt1/2 : : :
5 Pp we derive the desired clustering theorem
Lpttz = [ QCpy(0p05) = O(IAI+1BI) /58
Pp 0Pp y pp\YAr VB &= 0(B)
~ . B

Lo, Loy, ,03+1/2£0Ap5i1/2, pp’ ,UBpﬁil/Z . quasi-local operator 0B} \

Lo L imatel t Jo® R |
0 Loy : approximately commute : ‘l(/‘./‘\/;B )
1 \ 4

pg 2Ly, ppt?, ppt2L, pptt/?: approximately commute N



