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Peak-shaped resonance in e~-N, scattering
measured by Bruche (1927)

E. Bruche, Ann. Phys. (Le
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Fine structure in the resonance profile due to the
coupling betw. electronic & internuclear N-N motion

.. e = but not exactly
I 1 vibrational states
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i \J\ 4 cles, ®, and crosses +,
\. 7 depict the present results.
v U | The solid curve,
1 4 represent the results of
| 4 Normand (Ref. 36) and the
v dashed curve, ————-, those
1 1 of Briiche (Ref. 37). The
- o 4 open diamonds represent
1 the results of Blaauw et al.,
] Dbut note that de Heer (Ref.
1 39) has advised that these
4 results should be decreased
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Asymmetrically shaped photoabsorption spectra
measured and theory formulated: Beutler-Fano profile

Measurement: H. Beutler, Zeit. f. Phys. 93, 177 (1935)
Theory: U. Fano, Nuovo Cim. 12, 154 (1935), directed by E. Fermi
J. Res. Natl Inst. Stand. Tech. 110, 583 (2005) (Engl. transl.)

Reformulated and generalized: U. Fano, Phys. Rev. 124, 1866 (1961)
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Fig. 2. Absorption des Xe im Gebiet der Seriengrenzen 1022—922 A des Bogenspektrums.

In Richtung der Ordinate steigt die Absorption an;: die Wellenliingen sind an der Abszisse

verzeichnet. — Die Figur wnrde so gewonnen, dah Aufnahmen bei verschiedenen Xe-Drueken

ausgemessen und die Breiten der Absorptionslinien auf Parallelen zur Abszisse abgetragen
wurden.



SULLO SPETTRO DI ASSORBIMENTO
DEI GAS NOBILI
PRESSO 1L LIMITE DELLO STPETTRO D'ARCG

Nota di Ugo Fado

Sunto. - Termini spettrali Bydbergiani di un atome sone talvella sowrap-
posii alle speliro continne di wna diverse configurazione. Si studiano
teoricamenie gli effetti dell'interazione fra le diverse configurazioni in un
case. i gueslo tipo, otlenendo una formula che rappresenta Vandamento
acli‘intensitda dello spetire d'assorbimento, 81 qushificane qualilaliva-
mente aleuni risultati sperimentali ottenuti do BEUTLER studiondo in
assorbimente gli spettri darco dei gas nobili e gli spettei I di aleuni
vapori meltallics.

E noto sperimentalmente che le serie dello spettro « areo dei gas
nobili non eonvergono verso un unieo limite, ma verso due limiti di-
atinti. Cio si spieza eol fatto che, allontanando 1'elettrone ottico da un
atomo di gas nobile, si ottiene uno ione che non ha come stato fonda-
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Figure 6. Photoabsorption cross section of ground state Xe atoms
between the *P5,, and *P), ionization thresholds measured with a

bandwidth (FWHM) of 0.0074 A (1 A = 0.1 nm). (Adapted from
[15] with permission.)
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review:
V L Sukhorukov et al.,
J. Phys. B 45,
092001 (2012)



Fano's profile (Foo4—/L, 1#EE)

Ugo Fano (1912—2001



Beutler-Fano profile from Breit-Wigner one-level formula
for the phase shift: High-school mathematics

Breit-Wigner one-level formula for resonance at E=E,—iI'/2

5(E)=3,+8,(E) —cots,(E)=e=(E-E,)/(I/2)
reduced energy

47 (20 + 1) oy(E) = k*sin*(8p + 6,

B (cot &, + cot 0p)? q=-—coto,(E)
~ k2(1 4 cot? dp)(1 + cot? ;) shape parameter
(e +9)° (1+¢/q) Beutler-Fano

TR+ @)(1+ed) kK(1+q2)(1+e?)  profile

The variety of profiles stems from the interference
between the resonance and the background.



Beutler-Fano profile for a resonance at E=E —I1/2
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Original figure in U. Fano (1961)

— : q=3 U. Fano, Phys. Rev.
N 124, 1866 (1961)
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Ugo Fano’s theory

U. Fano, Phys. Rev. 124, 1866 (1961)

Mixing betw. bound (®) and continuum (y) configurations
for any transition operator

May be re-interpreted (similarly to Feshbach) as:
Q=[PXP| QP =P, H,=QHQ=(D|H[D)Q=EQ
Eo(QP)=H,(Q®), H=H,+H'>E, =E,+AE and T
isolated resonance for one open channel
isolated resonance for more than one open channel
overlapping resonances for one open channel
NOT for overlapping resonances for more than one open channel



Stark effect: Perturbation by static electric field

Q=[DXD|, QP=0, H,=QHQ=(®|H |D)Q=E,Q
" Eo(QD)=Hy(Q®), H=H,+H' >E =E,+AE and T

with electric field

)\(*
resonance st.

/tunneling effect

without
electric field
bour\d st/
/) — field
.~ ionization



Q=[D}P| QD=D, Hy=QHQ=(D|H|D)Q=EQ
" Eo(QD)=Hy(QD), H=H,+H' —E =E,+AE and T

Atomic/molecular physics is rich in resonances.

For example,
an infinite series of eigenstates of QHQ
coupled to continuum produces
an infinite series of Feshbach resonances.



Asymptotic Coulomb potential oc —au/r

Neutral atom A:
electron-ion interaction e~ — A¥(E,)

Infinite series of bound Rydberg states E,
Ey=E,— [2(n—p,)?Ttau. Intruder—
L quantum defect:
slowly varying with n (or E))

quasi-continuum  continuum

sudden increase of 4, by 1 Coulomb
. . channel
resonance-like behavior



Coupled Coulomb channels
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Multichannel Quantum Defect Theory:
Theory similar to multichannel scattering
theory leads to elucidation of the regularity
in the bound and resonance Rydberg series.
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Photoabsorption spectra of He atom
(60eV < hv < 78¢eV)
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Energy diagram of helium

80~ 5 He** + 2¢”
, Autoionizing
issssrszririiirl Het (2s,2p)+ e states
Decay 52! :
p°S
60 S I —2p"D
. 2s2p 'P Tolg 2s2p 3P -

1-electron transition 1s2 >1sep

Energy above He ground state in eV

40— .
by 1-photon absorption
A photoionization
W22)770777777777 72 Tl 1Y RS
20— 3;'; } (152p) .
5 ig 1-electron excited
2 35 } (1525) . Bound
states
1-electron transitions 1s2 > 1snp
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Bound states and autoionizing states of helium.



Atomic/molecular physics is rich in resonances.

infinite series of eigenstates of QHQ

due to the long-range Coulomb potential oc —ax/r

due to over-critical attractive dipole potential oc —/r?
— infinite series of resonances by coupling with continuum

Infinite series of bound states are supported by a potential

with an asymptotic form ~ —p/r? for >,
for an angular-momentum-dependent critical value f




e~ + H(nl) channels
r S
12 r
e- O(\.°
' p
Asymptotic dipole potential couples nl and nl’ channels
with I"=1 %1 with a common channel energy k2
(common because of the sublevel degeneracy).
— Diagonalization of the asymptotic potential matrix oc r=2
results in diagonal dipole potentials oc r=2,
l.e., in decoupled single-channel dipole potentials.
If overcritical, they support infinite series of bound states.

H system
I ~r,+r,C080

— I, =" ~r17[r,cosd]



Other dipole-supported series of states

e Electron (or positron) bound by a polar molecule
having a dipole moment .~ V(r) o< zzcosy /r?

M’i

e Efimov states bound by a dipole potential
in terms of the hyperradius



Types of resonance states
in atomic/molecular systems

autoionizing Rydberg states: series coupling
two or more electrons excited
inner-shell electron(s) excited

Feshbach resonances with respect to vibrational
excitation

electronically & vibrationally excited molecules
predissociating states



Vibrationally excited Rydberg states
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Vibrational predissociation

Nonadiabatic coupling of a bonding adiabatic
state with a repulsive adiabatic state turns
vibrational states into dissociative states.
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Vibrational predissociation

An adiabatic electronic state turns into a replusive
diabatic state by nonadiabatic coupling with a
lower adiabatic electronic state.
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Atomic and molecular processes

low-E electron impact on atoms
compound-state resonances

low-E electron impact on molecules
compound-state resonances decaying into
different arrangement channels

high-E electron impact on atoms/molecules
excitation of the target into resonance states

low E ion-atom, atom-atom collisions

atom-molecule, molecule-molecule collisions
direct and reactive processes

high-E ion-atom collisions

single-photon absorption
two(or more)-electron excited states
Auger processes (inner-shell excitation)

multiphoton absorption



Standard computational methods for resonances

» Direct calculationof E. —1I'/2
— No observable physical quantities

e.g.: complex coordinate scaling r — ret?
For molecules, exterior complex scaling, or scaling
only outside of a sphere enclosing the molecule

 S- or K-matrix calculation — resonance information
Coupled-channel equations
defined in terms of the target and/or projectile states
or of the adiabatic states of the whole system
R-matrix method
Kohn or Schwinger variational method



R-matrix method: Concept
Example: electron-molecule collision e~-M

Internal (r<a)
quantum-chemistry-like calculation
of the total system M~

— 'yt of channel wave func. at r=a

external
region

molecule
M External (r>a)

coupled-channel calculation with
local potentials (multipole explansion)

channel wave funcs. connected smoothly at r=a



R-matrix method: General computer codes

Electron-atom (ion) and positron-atom (ion) collisions
automatic search/fitting of resonances
Electron-molecule and positron-molecule collisions
Atomic and molecular bound-state calculations
Photoionization of atoms and molecules
Multiphoton processes:
time-independent and time-dependent approaches

P. G. Burke, R-matrix theory of atomic collisions,
(Springer, Heidelberg, 2011)



Coordinate system

* independent-particle coordinates
— Jacobi coordinates
* complex coordinates
* hyperspherical (HS) coordinates
for few-body systems



Hyperspherical coordinates: Two-electron systems

(r,, r,) — (o, @) polar coordinates

hyperradius o, hyperangle @ (r;, 1) — (0, Q) = (p,a, Iy, F)

For general three-body systems:
HS coordinates are defined
In terms of the Jacobi coordinates.

Only a single coordinate
extends to infinity.

>r2

Extension for NV-body systems:
0<p<wo, others: angular coord.



Hyperspherical coordinates: General 3-body systems

1/2
U sclee

M1/2 0 R -

A aBc

1/2
MascRasc




Applications of hyperspherical coordinates

Efimov states
dipole-supported states in terms of p
Coulomb three-body systems

complete breakup expressible by p— o0
asymptotic form for 3-body breakup known

HS coupled-channel equations in p
Concept of new correlation quantum numbers



Coulomb three-body breakup
For scattering by V(r) with asymptotic form ~ (4%/2m) ¢ /r
w(r) ——=—> exp[ikz +i(¢/2k)In{2krsin®(6/2)}]
+ £(0) rexp[ikr —i (¢/2k) In2kr]
For breakup e +H—oe +p+e
Y(r,r,)

> [initial channel]

I.I,, I[,—>0
- £(Q)(ix*/ p°)"* explixp +i{(Q)/x}In 2k p]
£(QQ)/p=¢(F, f‘2’05)/,0 =-|V,+V, +V,,] = rl_l T rz_l - I’1;1
total energy E = (#°/2m)x?

R.K. Peterkop, Opt. Spectrosc. 13, 87 (1962)

M.R.H. Rudge and M.J. Seaton, Proc. R. Phys. Soc. 283, 262 (1965)
M.R.H. Rudge, Rev. Mod. Phys. 40, 564 (1968)

Review: McCurdy et al., J. Phys. B 37, R137 (2004)



Hyperspherical coupled-channel equations

P(r,1,) = (0> sin2a) "y (p, Q)
Hy =Ey, H=H(p,Q)=T,+A(Q)/2p*+V

v(p,Q)=> u,(p)P@,(Q) - coupled-channel egs.

. Expansion in terms of hyperspherical harmonics
A (Q)D,(Q) = £,0,(Q)

|l. Expansion in terms of adiabatic states — converges rapidly
[A*(Q)/p? +V ], (Q: p) =U,(p) P, (Q; p)
U, (o) : similar to molecular potential energy curves
— visual understanding of the dynamics

e single-channel (adiabatic) approximation already reasonable
e concept of new electron-correlation quantum numbers



The success of
the hyperspheical coordinate method
owes much
to the adiabatic expansion.




Vibrational excitation in electron-molecule collisions

Vibrational motion (nuclear motion) normally
hard to excite by the light e~ impact.

e +AB(v) - AB”" - AB(V') + e~
Resonances greatly enhance the cross section.



Vibrational excitation in electron-molecule collisions
e+ AB(v) > AB(V') + e~
Vibrational motion (nuclear motion) normally
hard to excite by the light e~ impact.
e +CO

. v=0->1

LA

If the interaction time is long,
however, the energy transfer
from e~ to vibration motion
can be efficient.

— Resonance enhancement
of vibrational excitation by
temporary electron capture

Resonance
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e - O, collisions (compound-state limit)

|

e+ 0,(v) > 0O, (V) > e+ 0O,(V)

i

€ +0; v=0->V'| temporary

Vv ’ H — 600 O — (V”
2

equally spaced peaks
V'=2.s5 gt common positions

|

Vibrational cross section (Arbitrary units)
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F. Linder and H. Schmidt, Z. Naturforsch. A 26a, 1617 (1971)



Vibrational excitation via compound-state resonance

A R B
y ® AB()+e(E,)—AB~(1") — AB(v') +e-
V(R) resonance st. equally spaced
N ﬁ vibrational levels v"’
N1 H=O
E, ’ Resonance energy E, of
\ zﬁ the incident electron is
A 4 =
p=0""0"=1 common to all v,




e - H, collisions (impulse limit)
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Vibrational cross section (Arbitrary units)

1 2 3 L

Incident electron energy (eV)

M. Allan, J. Phys. B 18, 1451 (1985)



Resonance lifetime vs. vibrational period
T,i,. Vibrational period (time for one vibration) =10-14S

T.es - resonance lifetime (= collision time)

>> 1., enough time for the resonance state to develop
well-defined vibrational levels

Tres << T, little time for developing resonance vib. levels,

I'es
l.e., almost no nuclear motion during the collision
— adiabatic approximation for scatt. amplitude

f(0) = (v, (R)F(6:R)|ui(R))
superposition of resonances with varying E,(R), I'(R)

Tres



Boomerang model

A B ~
o—o Tres = Tvib

Only one or a few vibrations before the resonance decays.
Not enough time for developing vibrational states of AB™.

Time enough only for forming a standing wave: wave number K,
e (E) + AB(v) > AB (k,g) > e+ AB(V)
Scattering amplitude essentially determined by the overlap
(¥ pp(0"), ¥, (Kng)), Which oscillates with g =Kag(E).
— Irregular oscillations with E



Vibrational cross section (arbitrary units)

e -N, collisions (boomerang resonance)
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Competition with dissociative channels

e +AB(v) - AB” - AB(V') + e~
— A+ B~  dissociative attachment

— A+ B+ e dissociation

Dissociative electron attachment occurs
almost only via resonances.



Coupling with the dissociative mode

V(R)

resonance —
ped AB+e-> AB »

AB- o~
—— A B
dissociation B~
or
S, autodetachment

_ A+B s A+B+e
AB dissociation

A+B dissociative attachment

R AB+esA+B

stabilization

point dissociative attachment

competing with
autodetachment of an electron



Resonance state may change its geometry.
CO, CO,”

999 oo/fg

Linear molecule may be excited in the bending mode
or in the asymmetric stretching mode.



Geometry dependence of the resonance parameters
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Resonance information
from the S matrix



Breit-Wigner one-level formula for the phase shift
5=0.+0,, 5r:—cot‘1E_Er do _ r2/2 :

r/2 ' dE (E-E)*+(I/2)
convenient for locating resonances and for resonance fitting,
but more convenientis do (E)AE

0 = 0r+ 0, S+ 7 do/dE
1 f 7
j F

§b




Single-channel N overlapping resonances

5=6.+6,,

Lo ECE do 3 r /2 N
SO T L E ey a2

Vv



S=¢

Breit-Wigner one-level formula: Single channel

For the phase shift 6
60=0.+0,, O, :.resonance ¢, :background
5r:—cot‘1E_Er, 4o, _ F2/2 -=L(E)
/2 de (E-E) +(/2)
For the S matrix
25 _ oo, E_(Er_l_?r/z) old — @idh| 1 _ iF-
E—(E -il/2) - E-(E -iI/2)

poleat E=E,—il'/2, S*S=SS*=1 forreal E >0



Parameter fitting

Breit-Wigner one-level formula for 6 (E):
convenient for locating resonances and for resonance fitting
but more convenient is do (E)/dE

0 = 0,+ 0, S+ T do/dE
! !




Single-channel overlapping resonances
For the phase shift

o0=0.+0,, O, .resonance ¢, :background

— —1E_Ev d5r_ 1_‘\//2 _
=L T iy 2 ®

For the S matrix

Vv

soed[TETEHLD s _garr[y 0L
S E-(E,—iTl,/2) .| E-(E,—IiL,/2)

polesatE=E —iI' /2, S*S=SS*=1 forreal E >0



Breit-Wigner one-level formula: Multichannel

[./h decay rate to each channel

oot
_ ‘88 T 1/2
S=U|I- =T
( E—E,.+5F/2)U’ (9: =T
U unitary matrix, | unit matrix

S, =UU" background S matrix (unitary & symmetric)
F'=>T, total width

poleat E=E—iI'/2
unitary for real E > 0 — flux conservation
symmetric — time reversal



Breit-Wigner formula for multichannel scattering

DiagonalizeSas OSO"=A, A;; = o;;exp(2i7;).

Define eigenphase sum 6 =2;n;
Then, this o satisfies the same Breit-Wigner formula

as the single-channel phase shift (Weidenmuller 1967).
§=08,+0, 5,+x d5/dE

1 f 1
j F
§b




He('P°)
eigenphase sum o
twice sudden increase

do/dE
3 Lorentzians

In fact,

5 Lorentzians were
extracted by
another technique!

Aiba, lgarashi & Shimamura,
J. Phys. B 40, F9 (2007)
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Eigenvalues of the time-delay matrix for He('P°)

0.8

0.4

| ! | ! |
-0.12 -0.112 -0.104
2.0 ' ! ' ! 14 15{1, '
= 10 11 i3 16 N7 19
<® 1.0F I\~ ss

Total Energy (au)

Aiba, lgarashi & Shimamura,
J. Phys. B 40, F9 (2007)



Time delay due to scattering

Single-channel time delay:
Wave packet of outgoing spherical wave is delayed by the time

dé dS
— —— = —h— G = = 210
At =2h—= = —ih-=S8" = Q, S = exp(2:4)
compared with no scattering. For a Breit-Wigner resonance
B AT ds,
Multichannel time-delay matrix (proposed by F.T. Smith, 1960)
dS
— _p Y ot
| | Q= zthS
being related to eigenphase sum
T Q(E) = 2722 AT 4 on 3% |

dE  (E-E)2+(1/2)2 " “dE



He('P°)

eigenphase sum o

Q-matrix eigenvalues g

5 Lorentzians L (E)

avoiding each other
Other eigenvalues= 0

TrQfittedto X, L,
with 5 Lorentzians

and background

Complicated overlapping

resonances resolved

Aiba, lgarashi & Shimamura,
J. Phys. B 40, F9 (2007)
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Multichannel overlapping resonances

No S-matrix representation is known

that is explicitly unitary and symmetric
and that has poles at
E=E —-1II' /2, v=1,- N.

Simonius (1974) proposed a representation
that has resonance poles and is unitary,
but not explicitly symmetric.



Simonius representation of the S matrix

R I
“U|T[s. U, s, =1-—'+0:0:
v=1 E_(EV_IFV/Z)

elements of the vector g, : resonance parameters

S

Sim

resonance-order dependent
not explicitly symmetric

Can be made symmetric, in principle, by choosing g,

not wrong, just inconvenient for application purposes,
but convenient for theoretical formulation purpose



Separation theorem for N overlapping resonances

Proof using the Simonius representation of resonance S matrix
. Shimamura, J. Phys. B 44, 201002 (2011)

N eigenvalues g;(E) of the Q matrix form
N Lorentzian peaks avoiding each other at the crossing points,
the other eigenvalules being quite small.

Also, TrQ(E) = Zqi (E)=>_L,(E)+ small background

N eigenvectors corresponding to the resonance eigenvalues
define the N-dimentional resonance eigenchannel space.
Resonances decay only into this N-dimentional channel space,

whereas the?/ decay into all the physical channels
and into all the eigenchannels of the S matrix.



Importance of the time-delay matrix eigenvalues

Resonances clearly stand out against background.

Overlapping resonances can be easily resolved.

Useful for

* Spotting resonances otherwise hidden
 Resonance fitting

 Resolving overlapping resonances

* Separating out the resonance channel space
from the whole channel space



Strong background cancelling time dealy: e~ + Ps

Ps~ = (ete™)e™ above Ps(n=3) threshold

— : 3 3o .. ¢ | b R

T L (b) P 3L  (©)'D* -
é ] 1+ O ' o
UO‘ Un | o .I | | .

40

20

g{F) (10%au)

/
0 d
Vs
. '

20— S B '
2775 2774 -2.773 —2.__76 272 -2.68 -2.80 -2.60 -2.40
Total energy (107 au) Total energy (1072 au) Total energy (1072 au)

lgarashi and Shimamura, J. Phys. B 37, 4221 (2004)



Strong dipole background

Dipole potential due to linear Stark effect

_ 45 2) dd,
rQB) = 2hgg = (E-E)y+@et i

The background ¢, diverges toward the threshold.

Parametrization: o, = —C_1In(E — Epesh) + Co + C1E
_>d5b /dE — _'C—l/(E - Ethresh) T Cl

Negative time delay due to the dipole background



Weak resonance hidden behind a stronger one

e He" (P°)
-0.066

8000 (a)

g; (a.u.)

4000 -
| e )

0
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—

80 -

"1 | Y

0

g; (a.u.)

40

8O0 F

-0.066

-0.064

Total energy (a.u.)

Shimamura, Wakimoto & Igarashi,
Phys. Rev. A 80, 032708 (2009)



